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§1. Definition and simple properties 
For any fixed positive integer / and any positive integer n, the famous Smarandache ceil 
function S;,(n) is defined as follows: 


Sk(n) =min{meN: n|m*}. (1.1) 


Many people had studied elementary properties of $;,(n), and obtained some interesting 
results. 
Z. Xu [18]. Define Q(n) = OQ(pf'ps?--- pe") = ar tag+--:+a,. Let k be a given 


positive integer. Then for any real number x > 3, we have the asymptotic formula 


S° 2.(5;(n)) =alnIng+Azr+O (=) : 


n<x 


1 1 
where A= y+ bs (1 (1 - ~) + ~) , 7 ts the Euler constant and x denotes the sum over 
p Pp 
Pp 


Pp 
all the primes. 


J. Li [8]. Define Q(n) = Q(pP pS? --- pe") =a, +tagt+-:-+a,. Let k be a given positive 


integer. Then for any integer n > 3, we have the asymptotic formula 


Q(S,(n!)) = =(ninn+C)+0 (—) 


n 
k; 
where C' is a computable constant. 

Y. Wang [15]. Let k be a fixed positive integer, then for any integer n > 3, we have the 


asymptotic formula 
ninn 


In($;(n!)) = a +O(n). 
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§2. Mean values of the Smarandache Ceil function 


L. Ding [1]. Let x > 2, for any fixed positive integer k, we have the asymptotic formula 


X00) oat : I c TrES ( | =) a (z#**), 


n<ux 


where ¢(s) is the Riemann zeta function, II denotes the product over all prime p, and € is any 


Pp 
fixed positive number. 


C. Wu [16]. 1) For any fixed positive integer k > 2 and any positive integer n, let ax(n) 
denote the k-th power complements of n. Then we have 


(Sp (n))" = ag(n) -n. 


2) Let k be a fixed positive integer. For any real number x > 1, we have the asymptotic 


formula 


1 3 
S> Sk(n) oP IG 7 = <s) +O(ai), 


n<u 


where ¢(s) is the Riemann zeta function, ¢ > 0 is any fixed positive number. 
X. Wang [13]. For any real number x > 2, we have the asymptotic formula 


Se = 3 Aine + Ag +0 (07 aes 
n<ux 2( 


where A, and Az are two computable constants, € is any fixed positive integer. 


Y. Wang [14]. 1) For any real number a > 1 and integer k > 2, we have the identity 


(-1)rt ae -k- 
2d, Se (n) re ne 


where II denotes the product over all prime p. 
P 
2) For any positive integer n, the dual function of S;,(n) is defined as S,(n) = max {meéN: mk | n}. 


For any real number a > 1 and integer k > 2, we have the identities 


n=1 ne ¢(ka) ; 
SS (-1)"-14(n) — C(a)C(ka — 1) [ (2 y(ake- — 1) 
2d, no : = Cea) | Qa-2(Qka — J) 7 ; 


where ¢(s) is the Riemann zeta function. 
D. Ren [12]. Let d(n) denote the Dirichlet divisor function, and let k be a given positive 


integer with k > 2. Then for any real number x > 1, we have the asymptotic formula 


S~ d(Sz(n)) = oie = I (1 a at] +Cx+0(ait), 


n<u 
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where ¢(s) is the Riemann zeta function, C is a computable constant, and € is any fixed positive 


number. 
X. He and J. Guo [7]. 1) Leta >0, o4(n) = oe d*. Then for any real number x > 2, 
d|n 
and any fixed positive integer k > 2, we have the asymptotic formula 
_ 6r*t!C(a + 1)¢(k(a + 1) — a) 
= (a + 1)r? 


Sida (Sz (n)) R(a+1) +0 (2%? +e) ‘ 


n<ux 


where ¢(s) is the Riemann zeta function, ¢ is any fixed positive number, and 


1 
R(a+1)= I] (1 petati—a See ; 
P 


2) Let d(n) denote the Dirichlet divisor function. Then for any real number x > 1, and 


any fixed positive integer k > 2, we have the asymptotic formula 


SG. oT (1 1 ) +Cxr+0(x#*), 


pk + pk-l 


n<u 


where ¢(s) is the Riemann zeta function, C is a computable constant, and € is any fixed positive 


number. 

L. Zhang, M. Lv and W. Zhai [20]. Let d3(n) denote the Piltz divisor function of 

dimensional 3, then for any real number x > 2, we have 

* d3 (S;,(n)) = «P2,(logx) +O (zie) : 

n<ux 
where Pz 4,(logx) is a polynimial of degree 2 in logx, d(x) = log? x(loglogx)~5, c > 0 is an 
absulute constant. 

Y. Zhang, H. Liu and P. Zhao [21]. Let d(n) denote the Dirichlet divisor function, 
S;,(n) denote the Smarandache ceil function, then for any real number + <0< zp ge RAS ape 
x, we have 

S- d(S;(n)) = H(z +y) — H(z) +O (yx? +2°**) , 
a<n<aty 


where H(x) = tix loga + tex, € denotes a fixed but sufficiently small positive constant. 


Q. Feng and R. Wang [4]. For any positive integer n, we define 
ax(n) = [n#] , n= 0,1,2,3,---. 


Let ¢(s) be the Riemann zeta function, X be any positive number, and 


1) For any real number x > 1, k > 3, we have 


y Sk (ax(n)) = Zk —1)g)x +0 (2 et*) 


n<ux 
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2) For any real number x >1, k < 2, we have 


k 2 2 k2—k+2 k2—k4+2 
¥ $1 (axl) = eye (F) o(FZ) # ee +0(z we oe) 


n<u 


Q. Feng, J. Guo and R. Wang [5]. For any positive integer n and any natural number 


m, we define 
Qm(n) = max{i": i" <n, iE N}. 


1) For any real number x > 1, n,m,k,t EN, m,t >2,k=tm+1, we have 
m 


YS (am(n)) = al mC (at — 1)¢((2t — 1)m +2) 


1 1 1 1 i 
x 1 14 a +O (aitamté) 
| p(p + 1) ( pe peat ( =))| ( ) 


where ¢(s) is the Riemann zeta function, € is any positive real number. 
2) For any real number x >1,n,m,k,t EN, m=2, t>2,k=2t4+1, we have 


S~ Sk (am (n)) = sco] c - spat (1 + iat + A (1 =))| +O (ait), 


n<a Pp 


nN<ux 


where ¢(s) is the Riemann zeta function, € is any positive real number. 


3) For any real number « > 1, n,m,k,t EN, m,t >2,k =tm, we have 


2t 3 
m i p' +p fe sp 
s Sk (@m(n)) = ae pattem ¢(2t — 1) | | (1 a aa LO (attan+ ) 


n<a P 


where ¢(s) is the Riemann zeta function, € is any positive real number. 
4) For any real number x > 1, n,m,k,t EN, m,t > 2, m= kt, we have 
m 
Sk (am(n)) = Tooth +0 (atta) 
m+1 


nN<u 


where € is any positive real number. 


J. Xu [17]. For any fixed positive integer k and any integer n, we define 
ex(n) = min{fm*: m*>n, meNT}, 
d,(n) = max {m* : m* <n, meéeN*}. 


For any real number x > 2, we have the asymptotic formula 


ES (ex(n)) = = +0 (2), So Se (d(n)) = = +0 (0). 


n<x na 


L. Qi and Y. Zhao [11]. Let k > 2, m > 1 be two positive integers. For any real 
number x > 1, we have the asymptotic formula 
6C(m + 1)¢(k(m +1) — m)R(m + 1)a™*1 
m2(m + 1) 


Ss? p™ (Si(n)) = 


n<x 


+0 (a+) 
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where C(s) is the Riemann zeta function, y(n) is the Euler function, € is any positive real 


number, and 


1 1 1 1 1 1 1 
R(m+1) = I] E l+p ( : pk(m+1) m | pm 1 lk 1)(m+1)—m (1 —) . D (1 
P 


E. Lv [10]. Define 
U(1)=1,  U(n)=[]p. 


pin 
Let k > 2 be a fixed positive integer. For any real number x > 1, we have the asymptotic formula 


2 _ 2¢(3)¢(3k — 2)a3 1+p>% 2¢(3)a3 1 
SS (Sk(n) —U(n))" = = II (1 p+ p ) + =) I (1 p =) 


n<ux Pp P 


4C(3)C(3k — 1)x° I (1 ; rot) G (23), 


12 : prkts + prkt2 


where ¢(s) is the Riemann zeta function, ¢ > 0 is any positive real number. 


Y. Xue and L. Gao [19]. Define 


U()=1, U(n)=[]p. 


Let k > 2 be a fixed positive integer. For any real number x > 1, we have the asymptotic formula 


— 3)z* 74k 
Ss Ginug@ <: SOe) (2 L+p ) 


Qn? p> + pt 


nN<ux 


Oe T(t 1+ p3-4k 4 p6-4k — 2 “) 


D2 - p 4 p 
Dery : 14 p Ak pi Ak | p Ak 
D2 : p as p 


3¢(4)a4 1 7 € 
Qn? nC ae) O(a # 


where ¢(s) is the Riemann zeta function, € is any positive real number. 


§3. The dual function of the Smarandache Ceil function 
For any positive integer n and any fixed positive integer k, the dual function of S;(n) is 
defined as follows: 
Si(n) =max{meN: m* | n}. 
J. Guo and Y. He [6]. 1) Leta >0, o4(n) = S- d®. Then for any real number x > 1 


d|n 
and any fixed positive integer k > 2, we have the asymptotic formula 
cial ee a 
wo (S )oc# +0 (2+), iff a>k-l, 


3 Si(n = atl 
2 ( k( )) ((h-a)z +0 (a), if ask = 1; 
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where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 
2) Let d(n) denote the Dirichlet divisor function. Then for any real number x > 1 and any 
fixed positive integer k > 2, we have 


Sd (Si(n)) = (k)a + O («}**), 


n<ux 


where ¢(s) is the Riemann zeta function, and « is any fixed positive number. 
Y. Lu [9]. Let d(n) denote the Dirichlet divisor function, and let k > 2 be a fixed integer. 


Then for any real number x > 1, we have the asymptotic formula 


S> d(Si(n)) =xinz+(27-1)z+0(a*), 


n<a 
2a Sk(n )= ce +e (> Jet +o(orh), 


where y is the Euler constant, and ¢(s) is the Riemann zeta function. 


L. Ding [2]. 1) Let x > 2, for any fixed positive integer k > 2, we have the asymptotic 


d_ 5i(n) = me tO os 


n<x 


formula 


where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 
2) For k = 2, we have the asymptotic formula 


Bt. 
2 o(Sme+e) +0(ct), 


where C' is a computable constant, and € is any fixed positive number. 
Q. Feng and J. Guo [3]. For any positive integer n and any fixed positive integer k > 2, 
we define 
ce. (n) =min{meN: nm=t*, te N}. 


1) For any real number x > 1, k, nEN, k > 2, we have 


SY Selmpeuln) = Garett E(k + 2) + 1) 


<I 1 gerten (+ gts)) 0) 


where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 


n<ux 


2) For any real number x >1,k, n EN, k > 2, we have 


S- Sk(ce(n)) = =I] (1+; Ge Tare 5) + O (x?+*) , 


n<ux 


where € is any fixed positive number, and 


1 : Is Ye 1 
R(2) =1— par) BP (0 (1 =n) rp ») peat 
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3) For any real number x >1,k, n EN, k > 2, we have 


So Sklnder(n) = eaakc(k + 1)¢(4? -1) 


n<ux 
1 1 1 1 
x 1 ie +O ae.) ; 
II ( p*(p +1) ( pieske? #1) 


where ¢(s) is the Riemann zeta function, and € is any fixed positive number. 


4) For any real number x > 1, k, nEN, k > 2, we have 


Y Fe(cu(n)) = 2 +O (a4), 


nN<u 


where € is any fixed positive number 
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§1. Definition and the mean value properties of the Smarandache multiplicative 
function 

For any positive integer n, f(n) is called a Smarandache multiplicative function if f(ab) = 
max(f(a), f(d)), (a,b) = 1, and ifn = pf! pS? --- pp* is the prime powers factorization of n, then 


f(n) = max {f(py")}; (1.1) 


<i<k 


for any prime p and any positive integer a, f(n) is a new Smarandache multiplicative function 
if f(p*) = ap. That is 


f(n) = max {f(p?*)} = max {aipi}. 


1<i<k 1<i<k 
J. Ma [11]. For any real number x > 2, we have the asymptotic formula 


ng? x? 
Li= FF +0( 


In? 2 
n<x 


Y. Liu, P. Gao [10]. A new arithmetical function Pa(n) is defined as 
a(n) 


Pa(n) =[[d=n Te 
dl 


where d(n) = iin 1 is the Dirichlet divisor function. For any real number x > 2, we have the 


asymptotic formula 


n* x x x 
¥ fran) =F +e 5 +0( y: 


n<ux 


_ 5rt 1 co §6od(n)Inn . 
where C = 355 + 5 Donat — pz 18 @ constant. 
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X. Zhang [24]. For any integer n € Nt, n is named as a simple number if the product 
of all proper divisors of n is no more than n. Now let A be a simple number set, that is 
A = {2,3,4,5, 6,7, 8,9, 10,11, 13, 14,15,17,19,21,...}. For any real number x > 2 we have the 
asymptotic formula 


x? x? 27 9x?/8 x? 
> f@) = Diz + De ! ! -o( ). 


In?x me 2iIne 


n<ux 
neEA 


where D,, Dz are computable constants. 
W. Xiong [19]. Let OF (N) denotes the number of all integers 1 < k <n such that f(n) 
is odd, EF(n) denotes the number of all integer 1 < k <n such that f(n) is even. For any 


positive integer n > 1, we have the asymptotic formula 


EF(n) _ O 1 
OF(n) Inn} - 
From the formula above, it can be immediately deduced the following 
im 
noo OF (n) 


J. Li [6]. For any real number x > 1, we have the asymptotic formula 


2 
+0(e4 ) 


S- mies Ing ln* x 
neN 
f(n)<a 
si 1 
where c = SS fate) is a constant. 
n(n +1) 


n= 
Z. Feng [1]. A natural number n is of the k-full number if for any prime p, p|n implies 
p® | n. Let Ay be a simple number set, for any real number x > 2 we have the asymptotic 


formula 


2 2 2/3 2 
x Mh 22 9x x 
=C Cc + O ; 
pS P(r) ‘ie 7 in? ine Olne ( ) 
n<ax 
neAr 
where C,C2 are computable constants. 
Y. Men [12]. Let Smd(n) = Yan OE for any real number x > 1, when n 4 1,24, we 
have 
(1). [fm = pi" ps? ---p$ep, ptt < ps? <--> < pgs <p, and p, pili = 1,2,...,8) are 
primes, then Smd(n) is not a positive integer; 
(2). Ifn = pipo+++DPs, pi < po <+++< Ds, pi(t =1,2,...,8) are primes, then Smd(n) is 
not a positive integer. 
R. Guo and X. Zhao [2]. 1. For any real number x > 1 and any fixed positive integer 


k > 2, we have the asymptotic formula 


So A(n)f(n) = “y 2 +0 ( = ) | 


k 
ee In* x 
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where A(n) is the Mangoldt function, c;(¢ = 1,2,...,&) are computable constants and cy = $. 
2. For any real number x > 1 and any fixed positive integer k > 2, we have the asymptotic 


formula 


where S(n) is the famous Smarandache function, S(n) = min{m :m € N,n | mi}, a(¢ = 
1 

2° 

For any positive integers m and n, an arithmetical function h(n) is defined as follows 


1,2,...,k) are computable constants and cy = 


(m,n) = 1 => h(mn) = max{h(m), h(n)}. 


If n = p}'ps?---py* is the prime powers factorization of n, defining 


1 
h(1) =1,h(n) = max {=}, (1.2) 

then h(n) is also a Smarandache multiplicative function. 
J. Zhang and P. Zhang [22]. 1. For any real number x > 1, we have the asymptotic 


formula 


1 
S- h(n) = 5 -2+O(z2). 
n<u 
2. For any real number x > 1, we have the asymptotic formula 


PV" od) C8) oe 
X (Ho -5) = 35° Gey VETO 


n<ux 


where ¢(n) is the Riemann Zeta-function. 


The Smarandache multiplicative function g(n) can also be defined as follows 


g(1) = 0, (m,n) = 1 = g(mn) = min{g(m), g(n)}- (1.3) 
Ifn= pe pe -..p'r is the prime powers factorization of n, then 
— : ty 
g(m) = min {f(pi")t, (1.4) 


specifically let g(p') = min{t, p}, then g(n) is a new Smarandache multiplicative function. 
Z. Ren [13]. For any real number x > 1, we have the asymptotic formula 


Lanes “e O10 a) : ue 


) + O(xat*), 


where X is any fixed positive number. 


L. Li [8]. 1. For any positive integer n, ifn = pipe ---p'r is the prime powers 
factorization of n, let \= max {t;},7=1,...,r and 
1<i<r 
F(1) =1,F(n) = mi — (1.5) 
— n) = min {——} = —— ; 
, 1<i<r t; +1 A+1? 
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then F(n) is a Smarandache multiplicative function. For any real number x > 1, we have the 


asymptotic formula 


S Fa)= qt tole), 


nN<ax 
2. For any real number x > 1, we have the asymptotic formula 


S- Go = a) = ovat O(25). 


nN<ux 


T. Zhang [23]. Let p be a prime and for any positive real number m, Uy,(n) is defined 

as follows 
U(1) = 1,Um(p*) = p* +m, (1.6) 
ifn = pips? ---p,* is the prime powers factorization of n, Um(n) is defined as Up»(n) = 


Um(pt')-+:Um(py"). For any real number x > 1, we have the asymptotic formula 


1 2 m B4e 
do Unln) = 52 G+ sr) +e cap 


n<u 


X. Wang [18]. Let I(n) be the multiplicative function such that for any prime p and any 


integer a > 1, one has 


then we have 


S> I(m)I(n) = Cx? + O(n? **), 


mn<x 


where C' is an explicit constant. 
L. Wang [16]. Let No > 1 be a fixed integer and for the multiplicative function I(n), we 


have 


No 
S- I(n) = 23 log? 703 clog‘ « + O(log N°! »)) ; 


n<u i=l 


where c;(i > 1) are computable constants. 
§2. Some hybrid mean values involving the Smarandache multiplicative func- 


tion 


Y. Yi [21]. For any prime p and positive integer a, the Smarandache multiplicative 
1 


function f(n) is defined as f(p%) = pa. Let n = pt ps? ++: pe” is the prime powers factorization 
of n, then from the definition of f(p%) we have 


f(x) = max (00%) = max {oP} 


1<i<r 1<i<r 
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For any real number x > 3, we have the asymptotic formula 


S> (f(n) = P(n))? = BOE of - | 


3lnz 


n<ux 


where ¢(n) denotes the Riemann zeta-function and P(n) is the greatest prime divisor of n. 
W. Lu and L. Gao [9]. For any real number x > 3 and any real number or complex 
number a, we have the asymptotic formula 
+3 2a+3 2a+3 r iS 2a+3 2a+3 
C(a@ + 3)¢(2a + 3)a Ss Ci x -of = 
] 1 


2 ban) (f(r) — P(n))” = Sa 


nv 


n<u 1=2 


where ¢(n) denotes the Riemann zeta-function and all c; are computable constants. 
Ot . Os 


H. Shen [14]. For any positive integer n, ifn = p{'p5?---p2" is the prime powers 
factorization of n, the Smarandache multiplicative function V(n) is defined as follows 


V1) =1,V(n) = Ie NPL, 6.2 Up Dr}. (2.1) 


For any real number x > 1 and any fixed positive integer r, we have the asymptotic formula 


FT vim—pmy=at PS (5) 


a 
n<a“ i=1 In'a 


where p(n) is the least prime divisor of n and all c; are computable constants. 


H. Liu and W. Cui [3]. Let n> 1 is a positive integer, we have the asymptotic formula 


. xa; x 
V = —+0O ; 
EVewpln) = Ye +O( ars) 


where all a;(t =1,...,r) are computable constants. 


§3. Mean values involving the Smarandache-type multiplicative function 

The Smarandache-type multiplicative function C;,(n) is defined as the m-th root of the 
largest m-th power dividing n, Jm(n) is denoted as m-th root of the smallest m-th power 
divisible by n. 

H. Liu and J. Gao [5]. 1. For any integer m > 3 and real number x > 1, we have 


2. For any integerm > 1 and real number x > 1, we have 


he 72 : pom | 3 prt punt nite 
¥ int) = sey [+ FH ayaa | FO 


nN<ux Dp pent 


H. Liu and J. Gao [4]. 1. For any integer m > 3 and real number x > 1, we have 


S~ A(n)Cm(n) = 2 + o( 22). 


n<u 
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where A(n) is the Mangoldent function. 
2. For any integer m > 2 and real number x > 1, we have 


S5 A(n) Jm(n) = 2? + o(;<.). 


n<u 


The Smarandache-type multiplicative function K,,(n) is the largest m-th power-free num- 
ber dividing n, L,,(n) is denoted as: n divided by the largest m-th power-free number dividing 
n. That is, ifn = p{*p$?---pz* is the prime powers factorization of n, it follows that 


Km(n) = pips? pe, 


Lm (1) = py P2? Dees 
where 8; = min(a;,m — 1), 7; = max(0,a; — m+ 1) 
C. Yang and C. Li [20]. 1. Let m > 2 is a given integer, then for any real number 


xz >1, we have 


2 


Ek snl gta) CH") 


na Pp 


2. Let m > 2 is a given integer, then for any real number x > 1, we have 


. zy ~ ay H+ eave) +(e"): 


Pp 


where ¢(s) is the Riemann Zeta-function. 
J. Wang [15]. The asymptotic formula 


es xm I] (: esr 7) : o(sitterat) 


n<x Pp 


holds, where co is an absolute positive constant and 5(x) = (log x)/* (log log x)~ 1/5. 


For any fixed positive integer n with the normal factorization pf''p>?---pe*, (1 <i<-k), 
the Smarandache-type multiplicative function Fy,(n), Gm(n) are denoted as 


ee 1, if a= mk, 
Fim (p; 2) = : 
pi’, otherwise . 
and 
a 1, if a; =mk, 
Gim (Pf a) = 


pi, Otherwise . 


J. Li and D. Liu [7]. 1. For any integer m > 2 and real number x > 1, we have 


YS Fin(n) = Se meen Ren Dem oem), 


72 
n<u 
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where € be any fixed positive integer,and 


1 1 
R(m+1)= II (1 oe oe ==) : 
, Pp +p Pp +p 


2. For any integer m > 2 and real number x > 1, we have 


> Gim(n) = ¢(2m) R(2)x? + O(x2t®), 


n<ux 


where 


1 a 
R(2) = I] (1 2 2m—1 — ; 
3 po+p p +p 


M. Wang [17]. 1. For any integer m > 2, A be a set without m-th power factor number, 


we have 


6¢(m + 1)a™t? 1 1 m+h—e 
So Fin(n) = 7 Ile pr-l4 pm pm? 4 pm?-1 Tea Ne 


na Pp 
neEA 


where € be any fixed positive number. 


2. For any positive integer m > 2, A be a set without m-th power factor number, we have 


1 1 3 
ys; Gri) =a I] (1 2 m Im—1 mm | + o(e?), 
Fs pe +p 7 + p 


nN<u 
neEA 
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Abstract We introduce r-fuzzy e*-open and r-fuzzy e*-closed sets in fuzzy topological s- 
paces in the sense of Sostak’s. Also we introduce r-fuzzy e*-interior, r-fuzzy e*-closure and 
investigate some of their properties. 

Keywords r-fuzzy e*-open, r-fuzzy e*-closed, r-fuzzy e*-interior and r-fuzzy e*-closure. 
2010 Mathematics Subject Classification 54A40, 54C05, 03E72. 


§1. Introduction and preliminaries 


Sostak [23] introduced the fuzzy topology as an extension of Chang’s fuzzy topology [4]. 
It has been developed in many directions [11,12,21]. Weaker forms of fuzzy continuity between 
fuzzy topological spaces have been considered by many authors [2,3,5,8, 10, 18,19] using the 
concepts of fuzzy semi-open sets [2], fuzzy regular open sets [2], fuzzy preopen sets, fuzzy 
strongly semiopen sets [3], fuzzy y-open sets [10], fuzzy d-semiopen sets [1], fuzzy 6-preopen 
sets [1], fuzzy semi 6-preopen sets [25] and fuzzy e-open sets [22]. Recently, Bin Shahna [3] 
introduced and investigated fuzzy strong semi-continuity and fuzzy precontinuity between fuzzy 
topological spaces, one of which was independent and the other strictly stronger than fuzzy 
semi-continuity [2]. Ganguly and Saha [9] introduced the notions of fuzzy 6-cluster points in 
fuzzy topological spaces in the sense of Chang [4]. Kim and Park [14] introduced r-d-cluster 
points and 6-closure operators in fuzzy topological spaces in view of the definition of Sostak. 
It is a good extension of the notions of Ganguly and Saha [9]. Park et al. [17] introduced the 
concept of fuzzy semi-preopen sets which is weaker than any of the concepts of fuzzy semi-open 
or fuzzy preopen sets. Using these concepts he defined and studied fuzzy semi-precontinuous 
mappings between fuzzy topological spaces in Chang’s sense. Sobana et al. [24], defined r-fuzzy 
e-open and r-fuzzy e-closed sets in a fuzzy topological space in the sense of Sostak. In 2008, 
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the initiations of e*-open sets in topological spaces was introduced by Erdal Ekici [6]. 

In this paper, we define r-fuzzy e*-open and r-fuzzy e*-closed sets in a fuzzy topological 
space in the sense of Sostak [23]. Using these concepts, we define and study fuzzy e*-interior, 
fuzzy e*-closure and some of their properties. 

Throughout this paper, nonempty sets will be denoted by X, Y etc., J = [0, 1] and 
Ip = (0, 1]. Fora € I, a(x) = a0 for all x € X. A fuzzy point 2; for t € Jp is an element of [* 

t ify=2 
0 ify¢ga. 

The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point x, € X iff t < A(x). 
A fuzzy set A is quasi-coincident with p, denoted by Aqu, if there exists x € X such that 
A(x) + p(x) > 1. If A is not quasi-coincident with ~, we denoted Agu. If A C X, we define the 

1 if#eA, 

0 ifa€éA. 
All other notations and definitions are standard, for all in the fuzzy set theory. 
Lemma 1.1. [23] Let X be a nonempty set and \, uw € IX. Then 


such that x:(y) = 


characteristic function x4 on X by x(x) = 


(i) Aqu iff there exists x, € such that xqu. 
(it) Aqu, thenA Ap #0. 
(iii) Aqu iff X<1—p. 
(iv) X< p iff x, © r implies x, € us iff xeqA implies x,qu implies «GX. 


(v) aG VV pi; off there exists ig € A such that 1,Gui,- 
EA 
Definition 1.1. [23] A function rt : IX > I is called a fuzzy topology on X if it satisfies 


the following conditions: 
(1) r(Q) = 74) = 1, 
(2) T Vier Hi) 2 Nier T(Hi), for any {ui}ier C I*, 
(3) T(Ha A Ha) 2 T(t) AT (Ha), for any pa, p2 € I. 


The pair (X, 7) is called a fuzzy topological space (for short, fts). 

Remark 1.1. [20] Let (X,r) be a fuzzy topological space. Then, for each r € Ip, T = 
{u €I* :7(p) > r} is a Change’s fuzzy topology on X. 

Theorem 1.1. [21] Let (X, 7) be a fts. Then for each X € IX, r € Ip we define an 
operator C, : IX x Ip > I* as follows: C,(A, r) = A{ue IX :A <p, T1-p) > r}. For 
A, we I* andr,s € Ip, the operator C, satisfies the following conditions: (1) C,(0,r) = 0, 
(QX< CLA, 17), (3) COA, rn) V Cr(m, 7) = CAV uw, 7), 4) COA, 7) < CLO, 8) ifr <s, 
(5) C,(Cr(A, rs r) = C,(A, r). 

Theorem 1.2. [21] Let (X, 7) be a fts. Then for each r € Ip, \ € I* we define an 
operator I, : IX x Ip 3 I* as follows: I,(A, r) = V{u € IX :X > pw, tlw) > rj. For 
A, we I* andr,s € Ip, the operator I, satisfies the following conditions: (1) I-(1,r) =1, (2) 
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A= I,(A, )) (8) I,(, r) A I, (p, r) = L(A A p, r), (4) I,(, r) < I,(, s) ofs<r, (5) 
L-(,(A, r), r) oa I,(A, oF (6) I= A,r) 1- Cr(A, : and C,(1- ,7) = de I,(A, r) 
Definition 1.2. [15] Let (X, rT) be a fts. Then for each we IX, x, € P(X) andr € Ip, 


(i) p is called r-open Q,-neighbourhood of x, if x.qu with T(p) > r. 


(it) ps is called r-open R,-neighbourhood of x, if x~qu with w = 1,(C7(A, r), 7). 
We denote Q,(a:, r) = {u € I* : aigu,t(u) > r}, Re(e, vr) = {u € I* : equ = 
I,(Cr(A, r), r)}. 


Definition 1.3. [15] Let (X, rT) be a fts. Then for each XE I*, a, € P(X) andr € Ip, 
(i) x, ts called r-r cluster point of X if for every u € Q,(xt, 7), we have qn. 
(it) x, is called r-6 cluster point of » if for every uw € R,(az, 7), we have pq. 


(iti) An 6-closure operator is a mapping D, : I* x I + I* defined as follows: 6-C,(A, r) or 
D(A, 7) = Vier € P(X) : xy 18 r-6-cluster point of r} 


Definition 1.4. Let (X, 7) be a fuzzy topological space. For \€ I* andr € Ip, 


(i) X is called an r-fuzzy semiopen (resp. r-fuzzy semi-closed) [16] set if X< C,(,(A, r), 1) 
(resp. T(r, 1), 7) <2). 


(ii) X is called an r-fuzzy preopen (resp. r-fuzzy preclosed) [13] set if X < I-(C7(A, rv), 1) 
ean O(EO8 Dine) 2): 


(itt) ts called r-fuzzy 6-closed [13] iff X = D,(A, 1). 


(iv) The complement of r-fuzzy semiopen (resp. r-fuzzy preopen, r-fuzzy semi-preopen and r- 
fuzzy 6-closed) is r-fuzzy semi-closed (resp. r-fuzzy preclosed, r-fuzzy semi-preclosed and 


r-fuzzy 6-open). 
Definition 1.5. Let (X, 7) be a fuzzy topological space. \, uw € I* andr € Ip, 


(i) X is called an r-fuzzy d-semiopen (resp. r-fuzzy d-semiclosed) [24] set if X < C,(6- 
I,(A, r), 7) (resp. I, (5-C,(A, 7), 7) <A). 


(it) » ts called an r-fuzzy 6-preopen (resp. r-fuzzy 6-preclosed) [24] set if X < I, (6-C,(A, r), 7) 
(resp. C,(5-I-(A, "), 1) $2). 


(itt) is called an r-fuzzy e-open (resp. r-fuzzy e-closed) [24] set if X < C,(6-I,(\, r), r) V 
I, (6-C,(A, r), r) (resp. C,(61,(A, 7), r) AI,(6C7(A, 7), 7) <A). 


(iv) » is called an r-fuzzy B-open (resp.r-fuzzy B-closed) set if X < C,(U-(C,(A, 7), 7), 1) 
(resp. I,(C,(,-(A, r), 7), 7) <A»). 


Definition 1.6. /24] Let (X,rT) be a fuzzy topological space. , 1 € IX andr € Ip, 
(i) eI,(A, r)=V{uel* : p<, p is a r-feo set } is called the r-fuzzy e-interior of X. 


(ii) eC,(A, r) = A{we IX : >), pw is ar-fe*o set } is called the r-fuzzy e-closure of X. 
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§2. r-fuzzy e*-open sets 


We introduce the following definitions. 

Definition 2.1. Let (X, 7) be a fuzzy topological space. For 4, » € IX andr € Ip, » 
is called an r-fuzzy e*-open (resp. r-fuzzy e*-closed) set if X < C,U,(6-C,(A, r), 7), 7) (resp. 
£,(C; (6-I,(A, r), rs r) < d). 

Definition 2.2. Let (X,T) be a fuzzy topological space. \, 1 € I* andr € Io, 


(i) IA, r)=Viuel*® :u<d, p is ar-fe*o set } is called the r-fuzzy e*-interior of 2. 
(it) e*C,(A, r) = Af{weI* : p>, pw is ar-fere set } is called the r-fuzzy e*-closure of X. 


Obviously, e*C,(A, 1) is the smallest r-fe*c set which contains A, and e*I,(A, 1) is the 
largest r-fe*o set which is contained in A. Also e*C,(A, r) = (A, 17) for any r-fe*c set X and 
e*I,(A, r) = (A, 1) for any r-fe*o set X. 

Hence we have 


and 


Lemma 2.1. The following hold for a subset X of a fits X. 
(i) e*C,(A, 1) is r-fe*c. 
(ii) 1—e&*C,(A, r)=e*I,(1 — (A, 1)). 
Theorem 2.1. The following holds for a subset X of a fis X. 
(i) (A, 7) is r-fe*o & (A, r) = (A, 7) AC, (6C,(A, 1), 7), 1). 
(ii) (A, 7) is r-fercS A, rT) =O, rn) V L(C, (6,0, 7), 7), 1). 
(itt) CLA, r) =(, r)VL(C-(6L-0, 17), 7), 7). 
(iv) & L(A, r) =, r) A C,(,(6C,(, 7), 7), 7). 
Proof. (i) Let A be r-fe*o. Then A < C,(I,(6C,(A, rv), 7), 7). We obtain 
(A, 7) =O, r)AC,(,(6C7(A, 1), 7), 7). 


Conversely, let (A, r) = (A, 7) AC,(,(6C,(A, 7), 7), 7). We have 
(A,r) =(, nr) AC,(L,(6C7(A, 7), 7), 1). 
< C,U(6C,(A, 7), 7), 7). 
Hence (A, 1) is r-fe*o. 
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(ii) Taking complements, proof is similar to (i). 
(iii) Since e*C’,(A, 1) is r-fe*c, we have, 


I,(C7(6L,0(, r),r),r) < 1-(C-(61,(e* Cr (A, r),r),r), 71) < C0, 1). 


Hence, (A, r) VV 1,(C7(61,(A, 7), 7), 7) < e*C,(A, r). On the other way, since 


L(C,(6L-(AV L(C-(5L-(A, 7), 7), 7), 7), 7), 7) 
= 1,(C,(6L,(AV 61, (6C7 (60, r), r), r), cS) r), r) 
= 1,(C,(61,(A, r) V 61,(6C,(6I-(, (; r), r), *); r) 
= 1,(C,(61,(6C,(61,(A, r), r), r), r), 1) 
= 1,(C,(61,(A, r), r), 1) 


A, r)V(C-(OL-A; 7), 7), 7); 


), r), 7) is r-fe*c containing A and hence 


cot 
> 
oO 
5 
ce 
Pe 
ei 
< 
a 
IA 
Q 
<a a 
lor 
a 
— 
~ 
a 


e*Cr(A, 7) <r) V L-(Cr(6L-(, 7), 7) 7). 


Thus, we obtain e*C,(A, r) = (A, r) V L-(C-(6L,(A, 1), 1), 7). 
(iv) Similar to the proof of (iii). 


Theorem 2.2. Let \ be a subset of a fis X. Then the following hold 
(i) €*C,(8E-(, 7), 7) = Ee(Cr (SEA 7), 7), 7): 
(ii) 6I,(e*C,(A, r), r) =1,(C,(51,(d, 7), 7), 7)- 
(ii) e*I,(6C,(A, 7), r) = 6C,(e*I,(A, r), 7) = C,(E-(6C;(A, 7), 7), 7). 
(iv) e*I,(eC,(A, r), 7) =6sI,(6sC,(A, 7), 7) A dpC,(A, 7). 
(v) e*C,(el,(A, r), 7) = 6sC;,(5sI,(A, r), r)\V dpi, (A, 1). 
(vi) eC,(e*I,(A, 7), r) =6s1,(6sC,(A, 7), 7) A dpCz(d, 7). 
(vii) ef,(e*C,(A, 7), r) = 5sC,(5sI,(A, 7), r)V Spl(A, 7). 


Proof. The Proof is similar to the proof of Theorem 2.15 in [7]. 


Remark 2.1. From the above definitions it is clear that the following implications are 


true for r € Ip. 


r-fuzzy open 


r-fuzzy 6 semi open r-fuzzy 6 pre open 


r-fuzzy e-open 


r-fuzzy 8 open r-fuzzy e*-open 
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where r-fo, r-fdso, r-fésc, r-fdpo, r-fopc, r-feo, r-fec, r-fS0, r-fGc, r-fe*o, r-fe*care abbre- 
viated by r-fuzzy open, r-fuzzy 6- semiopen, r-fuzzy 6-semiclosed, r-fuzzy 6-preopen, r-fuzzy 
6-preclosed, r-fuzzy e-open, r-fuzzy e-closed, r-fuzzy $-open, r-fuzzy (-closed, r-fuzzy e*-open, 
r-fuzzy e*-closed respectively. 

From the above definitions, it is clear that every r-fopo is r-feo and every r-fdso is r-feo. 
Also, it is clear that every r-feo set is r-fS0 set and r-fe*o set. Also, every r-f8o set is r-fe*o 
set. The converses need not be true in general. 

The converses of the above implications are not true as the following examples show: 
Example 2.1. Let 1, A2, A3 and Aq be fuzzy subsets of X = {a, b} defined as follows 


Ai(a) = 0.2, A1(b) = 0.1; 
ema ee 


Aa(a) = 0.2, Aa(b = a 08. 
Then tT : IX + T defined as 


1, ifA=0 orl, 
if r = Mi, r2, A3, 


i 
2 
0, otherwise, 


T(A) = 


Then X4 is 4-fB0 but A4 is not $-feo set. 
Example 2.2. Let X and u be fuzzy subsets of X = {a, b, c} defined as follows 
A(a) = 0.4, A(b) = 0.5, A(c) = 0.5; 
p(a) = 0.4, (bd) = 0.5, p(c) = 0.4. 
Then tT : IX + T defined as 


1, ifA=0 orl, 
TA)=445, ifA=A, 
0, otherwise, 


Then | is 5-feo set but ys is not + 5-f0so set. 
Example 2.3. Let X and u be fuzzy subsets of X = {a, b, c} defined as follows 
A(a) = 0.5, A(b) = 0.3, A(c) = 0.2; 
p(a) = 0.5, (bd) = 0.4, p(c) = 0.4. 
Then t : IX +I defined as 


TA) 


Then tt is 4-feo set but yp is not $-fdpo set. 
Example 2.4. Let X, u andw be fuzzy subsets of X = {a, b, c} defined as follows 
A(a) = 0.3, A(b) = 0.5, A(c) = 0.2; 
p(a) = 0.4, u(b) = 0.5, p(c) = 0.5; 
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w(a) = 0.7, w(b) = 0.4, w(c) = 0.8. 
Then t : IX +I defined as 


1, ifA=0 orl, 
TA)= 95, A=), b, 
0, otherwise, 


Then w is 3-fe*o set but w is not 4-fB0 set. 
Example 2.5. Let X and wu be fuzzy subsets of X = {a, b, c} defined as follows 
Ma) = 0.4, A(b) = 0.5, A(e) = 0.2; 
u(a) = 0.5, u(b) = 0.4, po(c) = 0.7. 
Then tT : IX + T defined as 


TA) = 


Then | is $7 ‘e*o set but p is not 5-feo set. Also fs is not 7 uzzy open set. 
Theorem 2.3. Let (X, T) be a fts andr € Ip. 


(i) Any union of r-fe*o sets is an r-fe*o set. 
(it) Any intersection of r-fe*c sets is an r-fe*c set. 


Proof. (i) Let {Ag : a €T} be a family of r-fe*o sets. 
For each a €T, Aa < CU (6-C7 (Aa, 1"), 7), 17). 
Vo Aa < V C-U7(6-Cr (Aa; 7), 7), 1). 
acl ace. 
< C,(7(6-Cr(VAa, 7), 7), 1). 
(ii) Similar to the proof of (i). 


Theorem 2.4. Let (X, T) be a fts. For, w€I* andr € Ip. then, 
(i) If T(u) > 1, where pu is a crisp subset and X is an r-fe*o set, then AA pw is an r-fe*o set. 


(it) If r(1—p) >r, where pw is a crisp subset and » is an r-fe*c set, then XV p is an r-fe*c 
set. 


Proof. (i) Let \ be r-fe*o and yp € I* with T(u) > r which is a crisp subset. Then 
ANS C,(L-(5-C7(A, 7), 7), 7) Ap. 
< C,(I-(6-Cr(A A p, a ); ay 
Hence A A p is r-fe*o. 
(ii) Similar to the proof of (i). 


Theorem 2.5. Let (X, T) be a fts, 4, we I* andr € Ip. 
(i) If X is r-fe*o with T(1— A) > 1, then 2 is r-fopo. 


(ii) If X is r-fe*c with T(A) > r, then X is r-fope. 
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Proof. (i) Let A be an r-fe*o set and r(1 — \) > r. Then 
A < C(I, (6-Cr(A, 7), 7), 1). 
< I,(6-C7(A, r), 7). 
Hence 4 is an r-fdpo set of X. 


(ii) is similar to (i). 


Theorem 2.6. Let (X, T) be a fts, For \, we I* andr € Ih. 
(i) is r-fe*o iff 1 —X is r-fe*c. 
(ii) If T(A) > 1 then X is r-fe*o set. 
(iit) I-(A, r) is an r-fe*o set. 
(iv) CLA, 1) is an r-fe*c set. 


Proof. (i) and (ii) are trivial. 
(iii) From the Definition of I, of Theorem 1.2 and Definition 1.1(3), since r(I,(A, r)) > 7, by 
(ii) I,(A, 1) is an r-fe*o set. 

(iv) Since 1—C7(A, r) = I,-(1-A, r), from Theorem 1.2 (6), by (iii) we have r(1—C,(A, r)) > r. 
Hence 1 — C,(A, 1) is r-fe*o. By (i) C7(A, 1) is an r-fe*c set. 


Theorem 2.7. Let (X, 7) be a fts. Let \€ IX andr € Ip. 
(i) is r-fe*o iff \=e*I,(A, r). 
(ii) » is r-fe*c iff X= e*C,(A, 7). 
Theorem 2.8. Let (X, 7) be a fts. Let \€ I* andr € Ip, the following statements hold: 
(i) e*C,(0, r) =0 and e*I,(1, r) =1. 
(2) LOG tT SOT, 1) 2 OCHO 1) = Cy 7): 
(iii) X< ws e*L,(A, vr) <e*1-(p, r) and e*C,(d, r) < e*C,(p, 1). 
(iv) e*C,(A, r) V e* Cr (mp, 7) < e*C(AV p, 1). 
(v) e*C,(e*C,(A, 7), 7) =e*C,(A, r) and e*I,(e*I,(A, r), r) = e*1,(A, 7). 
(vi) Cr(e*C, (A, 7), r) = e*C,(C,(A, rv), r) =C;(A, 7). 


Proof. (i) It is trivial from the Definitions of e*C, and e*I,. 
(ii) and (iii) can be easily proved from Theorem 2.6. 
(iv) Since A < AV ys, by the definition of e*C,, we have 


e*C,(A, r) < FCL(AV p, 1). 
Similarly, e*C7(A, r) < e*C,(AV ps, 7). Hence, 


eC (A, 7) V eCr (mu, 7) < CLAY p, 1). 
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(v) It is trivial from Theorem 2.7. 

(vi) From Theorem 2.6 (iv), and Theorem 2.7 (ii), e*C;(C,(A, 7), r) = C;(A, 17). We only 
show that C,(e*C,(A, r), r) = C,(A, r). Since \ < e*C,(A, 1), C-(A, 7) < C-(e*C,(, 1), 1). 
Suppose that C,(A, r) < C,(e*C;(A, 7), 7). There exist « € X and pw € I* with A < p and 
7(1— 4) >r such that C,(e*C,(A, 1), r)(x) > w(x) > C,(A, r)(x). On the other hand, since 
w=C,(A, r), \ < pw implies 


eC,(A, r) < XC, (pu, r) = FCA, vr) = C0, r) = pb. 


Thus C;(e*C;(A, r), r) < pu. This is a contradiction. Hence C,(e*C,(A, r), r) =C,(A, r). 


Theorem 2.9. Let (X, T) be a fts. ForX €I* andr € Ip we have 
(i) e*I,(1—A, r) =1—(e*C,(, 1). 
(it) e®C,(1—A, r) =1-(e*L,(,, 1)). 
Proof. (i) For all A € I*, r € Ip we have the following: 
1—(e*C,(A, r)) =1—Af{m: >A, pis r-fe*o} 
=V{l-w:l-p<1-A, 1—- pis r-fe*o} 
=e*I,(1—A, r). 
(ii) Similar to the proof of (i). 


Theorem 2.10. Let (X, 7) be a fts, A, we I* andr € Ip. 
(i) If X is r-fBo set, T.1—A) > r and X is r-foc then X is r-feo. 
(it) If X is r-f8c set, T(A) > 7 and X is r-foo then X is r-fec. 


Proof. (i) Let A be an r-f80 set and r(1 — A) > r. Then 
A<C,((C-(A, 7), 7), 7) 

<C,(L,(A, °), 7) 

=C,(,(A, r) VL,(A, 7), 1) 

<C,(6-L(A, r), r) VIZ, 1) 
=C,(6-I,(A, r), r) V I-(6-C,(A, 1), 1). 

Hence X is an r-feo set of X. 

(ii) is similar to (i). 


Theorem 2.11. Let (X, 7) be a fts, A, we I* andr € Ip. 
(i) If X is r-fe*o with r(1— A) > 1, then A is r-feo set. 
(ii) If X is r-fe*c with T(A) > r, then X is r-fec set. 
Proof. (i) Let \ be an r-fe*o set and (1 — A) > r. Then 
r < C,(U7(6-C, (A, r), rs r). 
= 1,(6-C7(A, r), 7). 


<C,(6-L-(A, r), r) V I-(6-C-(A, 1), 1). 
Hence X is an r-feo set of X. 


(ii) is similar to (i). 


26 


Vol. 14 Fuzzy e*-open sets in Sostak’s topological spaces 27 


Theorem 2.12. Let (X, 7) be a fts, A, we I* andr € Ih. 


(i) If X is r-fe*o, T(.1—A) >r and A is r-foc, then is r-fBo set. 


(ii) If X is r-fe*c T(A) > r and X is r-foo, then r is r-fBc set. 


Proof. (i) Let A be an r-fe*o set and r(1 — \) > r. Then 


r < C,(I,(6-Cr(A, ry, r), ys 
7 C,(1,(C,(A, T)s -)s r) 
Hence \ is an r-fGo set of X. 


(ii) is similar to (i). 


Conclusion 


In this paper, r-fuzzy e*-open and r-fuzzy e*-closed sets are introduced in fuzzy topological 


spaces in the sense of Sostak’s. We also introduce r-fuzzy e*-interior and r-fuzzy e*-closure. 


Moreover, we investigated the relationships between r-fuzzy e*-open sets, r-fuzzy beta open 


sets, r-fuzzy e-open sets, r-fuzzy d-semiopen sets and r-fuzzy d-preopen sets. 
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81. Introduction 


In 1945 R. Vaidyanathaswamy [25] introduced the concept of ideal topological spaces. 
Hayashi [13] defined the local function and studied some topological properties using local 
function in ideal topological spaces in 1964. Since then many mathematicians like Erdal Ekici 
et. al. [9], Hatir and Jafari [12], Naseef and Hatir [15] studied various topological concepts 
in ideal topological spaces. After the introduction of fuzzy sets by Zadeh [29] in 1965 and 
fuzzy topology by Chang [4] in 1968, several researches were conducted on the generalization 
of the notions of fuzzy sets and fuzzy topology. The hybridization of fuzzy topology and fuzzy 
ideal theory was initiated by Mahmoud [14] and Sarkar [17] independently in 1997. They 
( [14], [17]) introduced the concept of fuzzy ideal topological spaces as an extension of fuzzy 
topological spaces and ideal topological spaces. The concept of fuzzy topology may be relevent 
to quantum particle physics particularly in connection with string theory and E-infinite theory 
[5-8]. Hatir and Jafari [12], Naseef and Hatir [15] introduced the concept of fuzzy semi-I-open 
sets and fuzzy pre-I-open sets in fuzzy ideal topological spaces. Yuksel et. al. [28] introduced 
and studied fuzzy a-I-open sets and consequently Gupta and Rajneesh [11] introduced the 
concept of fuzzy y-I-open sets in fuzzy ideal topological spaces. In 2003, G. Thangaraj and 
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G. Balasubramanian [20] introduced the concept of somewhat fuzzy continuous functions and 
many others [1,3, 10, 18,19, 21, 22,27] have turned their attention to the various concepts of 
fuzzy topology by considering somewhat fuzzy ideal topological spaces instead of somewhat 
fuzzy topological spaces. Recently, A. Vadivel and E. Elavarasan [23] introduced and studied 
the concept of fuzzy I;,-closed sets in fuzzy ideal topological spaces which simultaneously 
generalizes the concepts of I,.,-closed sets due to A. Vadivel and Mohanrao Navuluri [24] and 
fuzzy rw-closed sets due to R. S. Wali [26]. In the present paper, to introduce and study the 
concept of somewhat fuzzy I,.,-continuous functions, somewhat fuzzy I,.,-open functions and 
somewhat fuzzy I, -irresolute open functions in fuzzy ideal topological spaces. Also we have 
introduced the concept of somewhat fuzzy [,..,-homeomorphism, fuzzy I; w-resolvable and fuzzy 
T,-irresolvabe spaces and we have given characterizations of fuzzy I; -resolvable and fuzzy 
T,y-irresolvable spaces in fuzzy ideal topological spaces. 


§2. Preliminaries 


Throughout this paper, (X,7) always means fuzzy topological space in the sense of Chang 
[4]. For a fuzzy subset \ of X, the fuzzy interior of is denoted by Int(A) and is defined as 
Int(A) = V{ulu < A, wis a fuzzy open subset of X} and the fuzzy closure of is denoted by 
Cl(A) and is defined as Cl(A) = Af{pulu > A, wis a fuzzy closed subset of X}. A fuzzy set A in 
(X, 7) is said to be quasi-coincident with a fuzzy set 1, denoted by Aq, if there exists a point 
x € X such that A(x) + u(x) > 1 [12]. A fuzzy set sin (X, 7) is called a Q-neighborhood of a 
fuzzy point xg if there exists a fuzzy open set A of X such that xgqA < pu [12]. 

A nonempty collection of fuzzy sets I of a set X is called a fuzzy ideal [11,12] if and 
only if (i) A € I and w < X, then pw € TJ, (ii) if X € J and pw € J, then AV yw € I. The 
triple (X,7, I) means a fuzzy ideal topological space with a fuzzy ideal I and fuzzy topology 
7. The local function for a fuzzy set A of X with respect to 7 and I denoted by A*(7, I) 
(briefly \*) in a fuzzy ideal topological space (X, 7, I) is the union of all fuzzy points xg such 
that if 4 is a Q-neighborhood of xg and 6 € J then for at least one point y € X for which 
u(y) + A(y) — 1 > 4(y) [16]. The *-closure operator of a fuzzy set A denoted by Cl*(A) in 
(X, 7, I) defined as Cl*(A) = AVY A* [16]. 

Definition 2.1. A fuzzy set » of fuzzy topological space (X, 7) is called fuzzy regular 
open [2] if X = int(cl(A)). The complement of a fuzzy regular open set is called fuzzy regular 
closed. 

Definition 2.2. A fuzzy set X of fuzzy topological space (X, 7) is said to be fuzzy regular 
semi-open [26] if there is a fuzzy regular open set such that uw < A < cl(y). The complement 
of a fuzzy regular semi-open set is called fuzzy regular semi-closed. 

Definition 2.3. A fuzzy set X of a fuzzy ideal topological space (X,T,1I) is called fuzzy 
Tpw-closed [23] if X* < pu, whenever X < pw and p is fuzzy regular semi-open. The complement 
of a fuzzy I,-w-closed set is called fuzzy [,-y-open. 

The family of all fuzzy I, -closed (resp. fuzzy I,--open) subsets of (X,7, J) is denoted by 
FI py-C(X) (resp. FIpy-O(X)). 


The fuzzy I-w-closure and fuzzy I, -interior of a fuzzy set \ are respectively, denoted by 
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Tpw-Cl(A) and L-w-Lnt(A) and is defined as 
Tpw-Cl(A) = Af | A < py WE FIpw-C(X)} and 
Tpw-Int(A) = V{e | A> BE FT pw-O(X)}. 

A fuzzy set \ is said to be fuzzy I,.,-closed (resp. fuzzy I,-w-open) if and only if I,,-Cl(A) = 
Mresp. Ipw-Int(A) = 2X). Clearly, Lpw-Cl(1 — A) = 1 = Ipw-Int(A) and Ipy-Int(1 — A) = 
Lpw-Cl(A). 

Definition 2.4. /23] A fuzzy ideal topological space (X, 7, I) is fuzzy Ipw-Ti/2 if every 
fuzzy Ipw-closed set in X is fuzzy closed in X. 

Definition 2.5. A function f : (X,7,I) > (Y,¢) is called fuzzy continuous [4] if f~'(1) 
is fuzzy open in X for every fuzzy open set we Y. 

Definition 2.6. A function f : (X,T) > (Y,c) is called fuzzy open [4] if and only if for 
any fuzzy open subset of X, f(A) Ea. 

Definition 2.7. A function f : (X,7,I) > (Y,c) ts called fuzzy Ipw-continuous [23] if 
fol (pu) is fuzzy Ipw-open in X for every fuzzy open set wEY. 

Definition 2.8. A function f : (X,7,I) > (Y,o) is called fuzzy Ipw-irresolute [23] if 
fol (pu) is fuzzy Ipw-open in X for every fuzzy Ipw-open set we Y. 

Definition 2.9. A function f : (X,7T) > (Y,¢o) is called somewhat fuzzy continuous [20] 
if for every fuzzy open set X in Y such that f~+(\) 40, there exists a fuzzy open set #0 in 
(X,7) such that w< f7l(A). That is, int[f—(A)] 40. 

Definition 2.10. A function f : (X,7) > (Y,c) is called somewhat fuzzy open [20] if for 
every fuzzy open set in (X,T) such that \ 4 0, there exists a fuzzy open set #0 in (Y,c) 
such that uw < f(A). That is, int[f(A)] 4 0. 

Lemma 2.1. /2/ Let g: X > X x Y be the graph of a function f: X + Y. Then, if X is 
a fuzzy set of X and pu is a fuzzy set of Y, g-(Ax w) =AA fot (pw). 


§3. Somewhat fuzzy [,.,-continuous functions 


Definition 3.1. A function f : (X,7,I) — (Y,c) ts called somewhat fuzzy Ip -continuous 
if for every fuzzy open set \ in Y such that f—1(\) £0, there exists a fuzzy Ip.y-open set #0 
in (X,7) such that p< f~'()). 

It is clear that every fuzzy continuous function is somewhat fuzzy I;y-continuous and also 
every somewhat fuzzy continuous function is somewhat fuzzy [,.,-continuous but the converses 
is not true as the following example shows. 

Example 3.1. Let X = {a, b, c}, Y = {p, q, r} and the fuzzy sets X and us are defined 
as follows: (a) = 0.6, A(b) = 0.4, A(c) = 0.5; w(p) = 0.7, u(g) = 0.6, pw(r) = 0.5. Let 
7 ={0, 1, A}, c= {0, 1, ps} be the fuzzy topology on X and Y respectively. Let I = {0} be the 
fuzzy ideal on X and A° is fuzzy Ipw-open set in X. Then the mapping f : (X, 7, I) > (Y, o) 
defined by f(a) = p, f(b) =¢q and f(c) =r ts somewhat fuzzy I-w-continuous but it not fuzzy 
continuous. 

Example 3.2. Let X = {a, b, c}, Y ={p, q, r} and the fuzzy sets X and us are defined 
as follows: (a) = 0.6, A(b) = 0.4, A(c) = 0.5; w(p) = 0.4, u(g) = 0.6, p(r) = 0.5. Let 
7 ={0, 1, A}, c= {0, 1, pu} be the fuzzy topology on X and Y respectively. Let I = {0} be the 
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fuzzy ideal on X and ° is fuzzy I-w-open set in X. Then the mapping f : (X, 7, I) > (Y, o) 
defined by f(a) = p, f(b) = q and f(c) = r is somewhat fuzzy I,w-continuous but it not 
somewhat fuzzy continuous. 

Remark 3.1. The implications contained in the following diagram are true and the reverse 


implications need not be true. 


Definition 3.2. A fuzzy set \ in a fuzzy ideal topological space (X,7,I) is called fuzzy Ipw- 
dense if there exists no fuzzy I,-w-closed set such that X < <1 or equivalently [,.-Cl(A) = 
1. 

Theorem 3.1. Jf f : (X,7,I) > (Y,¢c) is a somewhat fuzzy I,w-continuous surjection 
and g: (Y,0) > (Z,n) is somewhat fuzzy continuous, then go f : (X,7,1) > (2,7) somewhat 


fuzzy Ipw-continuous. 


Proof. Let \ be any non zero fuzzy open set of (Z,7) and (go f)~!(A) £0. Then g~!(\) 4 0. 
Since g is somewhat fuzzy continuous, there exists 4 € o such that 0 4 pw < g~(A). Since 
f is surjective, 0 4 f~'(u) < f-t(g7!(A)). Since f is somewhat fuzzy I,.-continuous, There 
exists an fuzzy I, ~-open set 6 in (X,7,/) such that 0 4 6 < f~+(). Therefore, we have 
046<(gof) 1(A)). This shows that go f is somewhat fuzzy I,.,-continuous. 


Proposition 3.1. If f : (X,7,I) > (Y,e) is a somewhat fuzzy I-w-continuous function 
and g:(Y,o0) > (Z,7) ts fuzzy continuous function, then go f : (X,7,I) > (Z,n) is somewhat 


fuzzy Ipw-continuous. 


Proof. Let \ be any non zero fuzzy open set of (Z,7), then g~!(A) 4 0. Since g is fuzzy 
continuous function, g~'(A) in (Y,c). Suppose that f~'(g~!(A)) 4 0. Since by hypothesis, 
f is somewhat fuzzy I, »-continuous function, there exists a fuzzy I; w-open set ps in X such 
that w A 0 and uw < fol(g-t(A)). But fot(g7!Q)) = (go f)71(A), which implies that py < 
(go f)~1(A). Therefore (g 0 f) is somewhat fuzzy I,.,-continuous. 


Theorem 3.2. = For a function f : (X,7,I) — (Y,c), the following statements are 


equivalent: 
(i) f is somewhat fuzzy I,-w-continuous. 


(ii) If X is a fuzzy closed set of Y such that f~'(A) 4 1, then there exists a proper fuzzy 
I,w-closed set 1 of X such that w> f-*(A). 


(itt) If X is a fuzzy Ip -dense set, then f(A) is a fuzzy dense set in Y. 
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Proof. (i)=-(ii): Suppose f is somewhat fuzzy [,y-continuous and is any fuzzy closed set 
in Y such that f~!(A) #4 1. Therefore, clearly 1 — \ is a fuzzy open set and f~!(1— A) = 
1—f—'(A) £0. But by (i), there exists a fuzzy I,-open set in (X,7,7) such that w 4 0 and 
w< f-'(1—-A). Therefore, 1—p >1-— f~1(1—A) =1-(1—f71())) = ftQ). Put l-p=o. 
Clearly, 5 is a proper fuzzy I, -closed set such that 5 > f~+(A). 


(ii)=> (iii): Let be a fuzzy I w-dense set in X and suppose f(A) is not fuzzy dense in Y. 
Then there exists a fuzzy closed set, say, 4 such that f(A) < uw <1. Now, w<1=> f-'(u) 41. 
Then by f(A) < pw < 1, there exists a proper fuzzy I,.-closed set 6 in (X,7,I) such that 
6 > f-*(u). But by (i), f-*(H) > f-*(f(A)) = A, that is, 6 > A. This implies that there 
exists a proper fuzzy I,-closed set 6 such that 6 > », which is a contradiction, since A is fuzzy 
T,w-dense. 

(iii) (i): Let A be any fuzzy open set in (Y,c) and suppose f~1(A) 4 0 and hence A 4 0. 
Suppose I,-y-Int(f~(A)) = 0. Then I,-Cl(1 — f71(A)) = 1 - Tpw-Int(f-t()) =1-0=1. 
This means that 1— f~1(A) is a fuzzy I,-»-dense set in X. By (iii), f(1—f~+(A)) is a fuzzy dense 
in Y. That is, Cl(f(1 — f-1(A))) = 1, but f(1— f-1()) = f(f-1(1 —A)) < 1-—A = 1, since 
A #0. Since 1 — X is fuzzy closed and f(1— f~1(A)) <1—A, ClU(f(f-1(A))) < 1—-A. That is, 
1<1-—A=>X< 0and hence X = 0, which is a contradiction to the fact that X 4 0. Therefore, 
we must have J,..,-Int(f~'(A)) # 0. This means that, there exists a fuzzy I, -open set p in 


(X,7,I) such that 0 4  < f~+(A) and consequently f is somewhat fuzzy J,.,-continuous. 


Theorem 3.3. Let f : (X,7,I) > (Y,c) be a function, where X is product related to Y, 
andg:X +X xY, the graph function of f. If g 1s somewhat fuzzy Ipw-continuous, then f is 


sO. 


Proof. Let be a non-zero fuzzy open set in Y. Then by Lemma 2.4 of [2], we have f~1(A) = 
1A f(A) = g7'(1x A). Since g is somewhat fuzzy I, -continuous and 1 x A is a non-zero 
fuzzy open set in X x Y, there exists a non-zero fuzzy I,.,-open set ys of (X,7,J) such that 


u<g (1x A) = f-1(A). This proves that f is a somewhat fuzzy [,.-continuous function. 


Proposition 3.2. Let (X,7,I) and (Y,o,1) be any two fuzzy ideal topological spaces. If the 
function f : (X,7,1) > (Y,0,1) is somewhat fuzzy Ipw-continuous, onto and if Ipw-Int(A) = 0 
for any non-zero fuzzy set X in (X,7,1), then Ipw-Int(f(A)) = 0 in (Y,o, J). 


Proof. Let \ 4 0 be a non-zero fuzzy set in (X,7,J) such that I,.,-Int(\) = 0. Then 1 — L,y- 
Int(A) = 1-0 = 1 implies that [,.,-Cl(1 — ) = 1. Since f is somewhat fuzzy I, -continuous 
and 1 — A is fuzzy I-w-dense in (X,7, J), f(1 — A) is fuzzy I, w-dense in (Y,0,I) [by Theorem ]. 
That is, [-w-Cl[f(1 — A)] = 1. Then [,-~-Cl[1 — f(A)] = 1. [since f is onto]. Therefore we have 
(1 — Ipw-Int(f(A)] = 1 which implies that [4-Int(f(A)) = 0. Hence the proposition. 


Definition 3.3. A fuzzy ideal topological space (X,T,1I) is called a fuzzy Dy,,,-space (D- 


space) if for every nonzero fuzzy Ipw-open (fuzzy open) set in X is fuzzy I-w-dense (fuzzy dense 
in X. 

Proposition 3.3. If f : (X,7,I) > (Y,a,I) is a somewhat fuzzy [,-w-continuous surjec- 
tion and (X,7,I) is a fuzzy Dr,.,,-space, then Y is a fuzzy D-space. 


33 


34 A. Vadivel and E. Elavarasan No. 1 


Proof. Let X be a nonzero fuzzy open set in Y. We want to show that A is fuzzy dense in 
Y. Suppose not, then there exists a fuzzy closed set  € Y such that A < uw < 1. Therefore, 
f-1() < fot@) < f71(1) = 1. Since \ 4 0, f7'(A) 4 0 and since f is somewhat fuzzy 
I, -continuous there exists a fuzzy I,.-open set 6 # 0 in X such that 6 < f~1(A). Hence 
ef Al S Few = tae Cl Ga) <2 ds hates; 6 TeClG (hy = Te This 
contradicts the fact that (X,7,J) is a fuzzy Dr,,,-space, hence Y is a fuzzy D-space. 


Theorem 3.4. Let (X,7,I) be any fuzzy ideal topological space and (Y,a) any fuzzy 
ideal topological space. If X is an fuzzy open set in X and f : (A,7/A,I/A) > (Y,0,1) is 
a somewhat fuzzy I-w-continuous function such that f(A) is fuzzy Ipw-dense in Y, then any 


extension F : (X,7,I) > (Y,o) of f is somewhat fuzzy I w-continuous. 


Proof. Let be any fuzzy open set in (Y,o) such that F~!() 4 0. Since f(A) < Y is dense in 
Y and pA f(A) 4 0, it follows that F~!(u) AA #0. That is f~!() AA 4 0. Hence by hypothesis 
on f, there exists an fuzzy I,.,-open set 6 in A such that 6 40 and 6 < f~!(y) < F~!() which 
implies F' is somewhat fuzzy [,..,-continuous. 


Theorem 3.5. Let (X,7,I) and (Y,0,J) be any two fuzzy ideal topological spaces, X = 
AV pw where and pw are fuzzy I-w-open subsets of X and f : (X,7,I) > (Y,o,J) be a function 
such that f/X and f/m are somewhat fuzzy I-w-continuous. Then f is somewhat fuzzy Ipw- 


continuous. 


Proof. Let 5 be any fuzzy open set in (Y,o,J) such that f~'(6) 4 0. Then (f/A)~!(5) 4 0 or 
(f/n)1(6) £0 or both (f/A)-1(8) £0 and (f/p)1(6) # 0. 

Case (1) Suppose (f/A)~1(6) # 0. Since f/A is somewhat fuzzy [,-continuous, there 
exists an fuzzy I,w-open set y < \ such that y 4 0 and y < (f/A)~1(6) < f71(6). Since 
is fuzzy I,w-open in A and J is fuzzy I;w-open in X, y is fuzzy I, w-open in X. Thus f is 
somewhat fuzzy I,..,-continuous. 

Case (2) the proof is similar with Case (1). 

Case (3) Suppose (f/A)~1(5) 4 0 and (f/)~1(6) 4 0. This follows from both the Cases 
(1) and (2). Thus f is somewhat fuzzy I -continuous. 


84. Fuzzy [,..-Weakly Equivalent Topologies 


Definition 4.1. Let X be a set and rt and o be topologies for X. Then T is said to be 
fuzzy I-w-weakly equivalent to o provided that if a fuzzy I,-w-open set X in (X,T) and »X # 0, 
then there is an fuzzy I-w-open set in (X,o) such that 1p #0 and w< 2 and a fuzzy I-w-open 
set X in (X,o) and X £0, then there is an fuzzy I,w-open set set in (X,7T) such that uw #0 
and jb < X. 

Theorem 4.1. Let f : (X,7,I) > (Y,o1,1) be a somewhat fuzzy Ipw-continuous surjective 
function and let og be a fuzzy topology for Y. If og is weakly equivalent to 01, then the function 
f : (X,7,D > (Y,02) is somewhat fuzzy Ipw-continuous. 
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Proof. Since o2 is weakly equivalent to o1, the identity function i : (Y,o1) + (Y, a2) is somewhat 
continuous. Therefore, by Theorem , f = foi: (X,7,I) > (Y,o2) is somewhat fuzzy Ipw- 


continuous. 


Theorem 4.2. Let f : (X,71,I) > (Y,c) be a somewhat fuzzy continuous function and 
let T2 be a fuzzy topology for X. If T2 is fuzzy Ipw-weakly equivalent to 71, then the function 
f :(X,m2,1) > (Y,¢) is somewhat fuzzy Ipw-continuous. 


Proof. Since tT is fuzzy I,w-weakly equivalent to 7, the identity function i : (X,7,I) > 
(X, 7,1) is somewhat fuzzy I,.,-continuous. Therefore, by Theorem , f = foi: (X,1,1I) > 


(Y,c) is somewhat fuzzy I,.,-continuous. 


85. Somewhat fuzzy [,.,-open function 


Definition 5.1. A function f : (X,7,I) > (Y,0,J) is called somewhat fuzzy Ipw-open if 
and only if for any fuzzy open set 4, #0 in (X,7,I) implies that there exists a fuzzy I-w-open 
set in (Y,o,I) such that uw 40 and w< f(A). 

It is clear that every fuzzy open function is somewhat fuzzy I,.,-open and also every 
somewhat fuzzy open function is somewhat fuzzy I,.,-open but the converses is not true as it 
can be seen from the following example. 

Example 5.1. Let X = {a, b, c}, Y ={p, q, r} and the fuzzy sets X and us are defined 
as follows: (a) = 0.4, A(b) = 0.6, A(c) = 0.5; w(p) = 0.7, u(g) = 0.8, p(r) = 0.9. Let 
7 = {0, 1, A}, o = {0, 1, pu} be the fuzzy topology on X and Y respectively. Let I = {0} 
be the fuzzy ideal on X, ° and p° is fuzzy Ipw-open sets in X and Y respectively. Then the 
mapping f : (X, 7, I) > (Y, 0,1) defined by f(a) = p, f(b) = q and f(c) = r is somewhat 
fuzzy Ipw-open but not fuzzy open. 

Example 5.2. In Example . Then the mapping f is somewhat fuzzy I; y-open but not 
somewhat fuzzy open. 

Remark 5.1. The implications contained in the above diagram are true and the reverse 


implications need not be true. 


Proposition 5.1. If f : (X,7,I) > (Y,0,JD) is fuzzy open function and g : (Y,0,I) > 
(Z,,1) is somewhat fuzzy I,.-open functions, then go f : (X,7T) > (Zn, I) is somewhat fuzzy 


Tpw-open. 


Proof. Clear. 
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Proposition 5.2. Let (X,7,I) and (Y,0,I) be any two fuzzy ideal topological spaces. If 
the function f : (X,7,I) > (Y,0,1) ts somewhat fuzzy I,w-open and if I,-w-Int(r) = 0 for any 
non-zero fuzzy set in (Y,o,1), then I,y-Int(f—1(A)) = 0 in (X,7, I). 


Proof. Let X # 0 be a nonzero fuzzy set in (Y,o,1) such that [-y-Int(A) = 0. Then 1 — Ipy- 
Int(A) = 1-0 = 1 implies that J[,.,-Cl(1 — ) = 1. Since the function f is somewhat fuzzy 
T-w-open and 1—) is fuzzy I,.-dense in (Y, 0,1), f~!(1—A) is fuzzy I,.,-dense in (X,7, I). That 
is, I-w-Cl(f~1(1 — A)) = 1. Then I,-y-Cl[1 — f~+(A)] = 1. Therefore [1 — I-w-Int(f~1(A))] =1 
implies that [,-~-Int(f~1(A)) = 0. Hence the proposition. oO 


Theorem 5.2. For a surjective function f : (X,7,1) > (Y,o,1), the following statements 


are equivalent: 
(i) f is somewhat fuzzy Ipw-open. 


(it) If X is a fuzzy closed set in X such that f(A) 41, then there exists a fuzzy I,w-closed set 
pin Y such that wp #1 and p> f(A). 


Proof. (i)=(ii): Let \ be a fuzzy closed set in X such that f(A) 4 1. Then 1—. is a fuzzy open 
set such that f(1—A) = 1— f(A) #0. Since f is somewhat fuzzy [,.y-open, there exists a fuzzy 
I,w-open set y in (Y,o,I) such that y 40 and y < f(1—A). Now 1 —7 is fuzzy I, -closed set 
in Y such that l1—-y Aland y< f(1—A). Put l—-y=yp. Then y>1- f(1—A) = fQ). 
(ii)=>(i): Let A be a fuzzy open of X such that \ #4 0. Then 1 — A is fuzzy closed and 
1—-A #1, f(l—A) =1— f(A) 41. Hence by hypothesis, there exists a fuzzy [-w-closed set ju 
in Y such that p #1 and w > f(1—A) =1-— f(A), that is, f(A) > 1 — w and let 1—p = 6. 
Clearly, 6 is a fuzzy I,-open set of Y such that 6 < f(A) and 6 4 0. Hence f is somewhat 


fuzzy I. -open. 


Theorem 5.3. For a surjective function f : (X,7,I) > (Y,0,J), the following statements 


are equivalent: 
(i) f is somewhat fuzzy Ipw-open. 
(ii) If X is a fuzzy Ipy-dense set of Y, then f~*(A) is fuzzy I,-»-dense set in X. 


Proof. (i)=(ii): Suppose A is fuzzy I, -dense and fuzzy I;-w-closed set of (Y,7,1). We must 
to show that f~!(A) is fuzzy I, -dense in (X,7,J). Suppose not, then there exists a fuzzy 
I,w-closed set js in X such that f~!() < pp < 1. Since f is somewhat fuzzy I,.-open and 
1 — p is fuzzy I,y-open, there exists a fuzzy I,y-open set y in Y such that y < f(1— yu) and 
y<1—f(u). From f~!(\) < w <1, we have \ < f(u) <1. Then y <1— f(u) <1—A. That 
is, A< 1—y <1. Since 1 — 7 is fuzzy I, -closed set in Y, this implies that A is not a fuzzy 
I,w-dense, which is a contradicition. Therefore, f~'(A) must be a fuzzy I,..-dense set in X. 
(ii)=(i): Suppose f~1(A) is fuzzy I,-w-dense in (X,7,1), where \ is fuzzy I,-~-dense set in 
Y. We want to show that f is somewhat fuzzy I,.,-open. Assume that A 4 0 is fuzzy open and 
fuzzy I,w-open set in (X,7,I). We have to show that [,~-Int(f(A)) 4 0. Suppose not, then 
Tpw-Int(f(A)) = 0 whenever X is fuzzy I; -open. Then I,,-Cl(1— f(A)) = 1— Lpw-Int(f(A)) = 
1—0=1. That is, 1 — f(A) is fuzzy I, -dense in Y. Therefore by assumption f~'(1— f(A)) 
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is fuzzy I, -dense in X. Therefore, 1 = I-w-Cl(f~'(1 — f(A))) = Irw-CU(1 — A) = 1-2. This 
shows that » = 0, which is a contradiction and so Ip w-Int(f(A)) 4 0. 


86. Somewhat fuzzy [,.,-irresolute open function 


Definition 6.1. A function f : (X,7,I) > (Y,0,1) is called somewhat fuzzy Ipw-irresolute 
open if and only if for any fuzzy I,w-open set X, A #0 in (X,7,I) implies that there exists a 
fuzzy I,w-open set in (Y,0,I) such that 140 and w< f(A). 

Proposition 6.1. If f : (X,7,I) > (Y,¢,I) and g: (Y,0,I) > (Z,n,1) are somewhat 
fuzzy I,-w-tirresolute open functions, then go f : (X,T) > (Z,n,1) is somewhat fuzzy Dpw- 


irresolute open. 


Proof. Clear. 


Theorem 6.1. For a surjective function f : (X,7,I) > (Y,0,J), the following statements 


are equivalent: 
(i) f is somewhat fuzzy I,-w-irresolute open. 


(it) If X ts a fuzzy I,w-closed set in X such that f(A) #1, then there exists a fuzzy I, -closed 
set 4 in Y such that w~#1 and p> f(A). 


Proof. (i)=>(ii): Let A be a fuzzy I;-w-closed set in X such that f(A) # 1. Then 1— Aisa 
fuzzy I, -open set such that f(1— A) = 1— f(A) £0. Since f is somewhat fuzzy I,.,-open, 
there exists a fuzzy I,--open set y in (Y,o,/) such that y 4 0 and y < f(1—A). Now 1—y¥ 
is fuzzy I-w-closed set in Y such that 1—y #1 and y < f(1—A). Put 1—y = yw. Then 
y>1-fl-d) =f0). 

(ii) => (i): Let A be a fuzzy I;-w-open of X such that 4 #0. Then 1 — 4 is fuzzy I,.,-closed 
and1—A #1, f(1—A) =1-— f(A) #1. Hence by hypothesis, there exists a fuzzy I,.,-closed 
set 2 in Y such that uw A 1 and w > f(1—A) =1—- f(A), that is, f(A) > 1—w and let L—-p = 0. 
Clearly, 6 is a fuzzy I,-open set of Y such that 6 < f(A) and 6 4 0. Hence f is somewhat 
fuzzy I, -open. 


Theorem 6.2. For a surjective function f : (X,7,I) > (Y,0,J), the following statements 


are equivalent: 
(i) f is somewhat fuzzy I,-w-irresolute open. 
(ii) If X is a fuzzy Ipw-dense set of Y, then f—*(A) is fuzzy Ipw-dense set in X. 


Proof. (i)=(ii): Suppose \ is fuzzy I, -dense and fuzzy I;-w-closed set of (Y,7,1). We must 
to show that f~!(A) is fuzzy I, -dense in (X,7,/). Suppose not, then there exists a fuzzy 
TI,w-closed set ps in X such that f~!(u) < pp < 1. Since f is somewhat fuzzy I,.-open and 
1 — p is fuzzy I,.,-open, there exists a fuzzy I,.,-open set y in Y such that y < f(1— yu) and 
y<1—f(u). From f71(\) < w <1, we have \ < f(u) <1. Then y <1— f(u) <1—A. That 
is, A< 1-—y <1. Since 1 — 7 is fuzzy I; -closed set in Y, this implies that A is not a fuzzy 
I,-dense, which is a contradicition. Therefore, f~'(A) must be a fuzzy I,.-dense set in X. 
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(ii)=(i): Suppose f~1(A) is fuzzy I,-w-dense in (X,7, I), where A is fuzzy I-w-dense set in Y. 
We want to show that f is somewhat fuzzy I,y-open. Assume that A 4 0 and a fuzzy [,.y-open 
set in (X,7,I). We have to show that I,.,-Int(f(A)) 4 0. Suppose not, then J,..,-Int(f(A)) = 0 
whenever \ is fuzzy [,w-open. Then [,w-Cl(1 — f(A)) = 1 — Lpw-Int(f(A)) = 1-0 = 1. That 
is, 1 — f(A) is fuzzy I,-dense in Y. Therefore by assumption f—1(1 — f(A)) is fuzzy I,..-dense 
in X. Therefore, 1 = Ipw-Cl(f-1(1 — f(A))) = Ipw-Cl(1 — 4) = 1— 2. This shows that \ = 0, 
which is a contradiction and so I,.,-Int(f(A)) 4 0. 


§7. Somewhat fuzzy [,.,-homeomorphism 


Definition 7.1. A mapping f : (X,7,I) > (Y,0,1) is called somewhat fuzzy Ipw- 
homeomorphism if f and f~! are somewhat fuzzy Ipw-continuous. 

Definition 7.2. A mapping f : (X,7,I) > (Y,a,1) is called somewhat fuzzy Ip *- 
homeomorphism if f and f~! are somewhat fuzzy I-w-irresolute. 

Theorem 7.1. Let f : (X,7,I) > (Y,a,1) be a bijective mapping. Then the following 


are equivalent 

(i) f is somewhat fuzzy Ip -homeomorphism. 

(it) f is somewhat fuzzy I,w-continuous and somewhat fuzzy I,-w-open map. 
(itt) f is somewhat fuzzy I,w-continuous and somewhat fuzzy Ipw-closed map. 


Proof. (i)=> (ii) Let f be somewhat fuzzy I,,-homeomorphism. Then f and f~! are somewhat 
fuzzy I;j-continuous. To prove that f is somewhat fuzzy I,.,-open map, let be a fuzzy 
open set in X. Since f~!: Y > X is somewhat fuzzy [,.,-continuous, (f~!)~1(A) = f(A) is 
somewhat fuzzy I; -open in Y. Therefore f(A) is somewhat fuzzy I, -open in Y. Hence f is 
somewhat fuzzy I,.,-open. 

(ii)=> (i) Let f be somewhat fuzzy I,y-open and somewhat fuzzy I,..-continuous map. To 
prove that f-' : Y + X is somewhat fuzzy I, -continuous. Let \ be a fuzzy open set in X. 
Then f(A) is somewhat fuzzy I,.,-open set in Y since f is somewhat fuzzy I,.,-open map. Now 
(f-t)-*(A) = f(A) is somewhat fuzzy I,~-open set in Y. Therefore f~! : Y + X is somewhat 
fuzzy I,.-continuous. Hence f is somewhat fuzzy I;.,-homeomorphism. 

(ii)=> (iii) Let f be somewhat fuzzy I,.,-continuous and somewhat fuzzy I; -open map. To 
prove that f is somewhat fuzzy [,..,-closed map. Let w be a fuzzy closed set in X. Then 1 — ys 
is fuzzy open set in X. Since f is somewhat fuzzy I,..-open map, f(1— yw) is somewhat fuzzy 
I,w-open set in Y. Now f(1— yw) =1— f(u). Therefore f(1) is somewhat fuzzy [,-»-closed in 
Y. Hence f is a somewhat fuzzy I; -closed. 

(iii) (ii) Let f be somewhat fuzzy J, .-continuous and somewhat fuzzy I;,-closed map. 
To prove that f is somewhat fuzzy I,,,-open map. Let be a fuzzy open set in X. Then 1— A 
is a fuzzy closed set in X. Since f is somewhat fuzzy [,w-closed map, f(1 — A) is somewhat 
fuzzy Iw-closed in Y. Now f(1— A) =1-— f(A). Therefore f(A) is somewhat fuzzy I,.,-open 
in Y. Hence f is somewhat fuzzy I; -open. 
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Theorem 7.2. Let f : (X,7,I) — (Y,0,1) be a bijective function. Then the following 


are equivalent: 
(i) f is somewhat fuzzy Iw *-homeomorphism. 
(it) f is somewhat fuzzy I,.-irresolute and somewhat fuzzy I, *-open. 


(itt) f is somewhat fuzzy I,w-irresolute and somewhat fuzzy Iyw *-closed. 


Proof. Similar by above Theorem . 


Theorem 7.3. If f : (X,7,I) > (Y,0,1) ts somewhat fuzzy I,..-homeomorphism and 
g : (Y,0,I) > (4,n) is somewhat fuzzy Ip~-homeomorphism and Y is fuzzy Ipw-Ty/2 space, 
then go f:X > Z is somewhat fuzzy Ipw-homeomorphism. 


Proof. Clear. 


Theorem 7.4. If f : (X,7,I) > (Y,o,1), 9: (Y0,D > (Z,n,D) are somewhat fuzzy 
Tw *-homeomorphism then go f:X — Z is somewhat fuzzy Iw *-homeomorphism. 


Proof. Clear. 


88. Fuzzy [,-resolvable and fuzzy I,,,-irresolvable spaces 


Definition 8.1. A fuzzy ideal topological space (X,7,I) is said to be fuzzy Ip -resolvable if 
there exists a non-zero fuzzy Ipw-dense set X in (X,7,1) such that Ipy-Cl(1— 2) = 1. Otherwise 
(X,7,1) is called a fuzzy [,w-irresolvable space. 

Theorem 8.1. A fuzzy ideal topological space (X,7,1I) is a fuzzy I,-w-resolvable space if 
and only if (X,7,I) has a pair of fuzzy Ipw-dense sets Ay and Ay such that Ay <1— a. 


Proof. Let (X,7,I) be a fuzzy I,.,-resolvable space. Suppose that for all fuzzy I,.,-dense sets 
A; and Aj, we have A; £ 1— A;. Then we have A; > 1— Aj; for some 7 and j. Then, we have 
Lpw-Cl(Ay) > Ipw-Cl(1 — A;) which implies that 1 > [-y-Cl(1 — ;). Then I-,-Cl(1 — A;) A 1. 
Also A; > 1—2;. Then Ipy-Cl(A;) > Ipw-Cl(1—A;) which implies that 1 > [,.,-Cl(1—A;). Then 
Tpw-Cl(1 — Ay) 4 1. Hence I,--Cl(A;) = 1, but [,4-Cl(1— A;) 4 1 for all fuzzy I,.-dense sets ; 
in (X,7,1), which is a contradiction to (X,7,1) being a fuzzy I,.,-resolvable space. Therefore 
(X,7,I) has a pair of fuzzy I,..y-dense sets 1 and Az such that A; < 1— 2. 

Conversely, suppose that the fuzzy ideal topological space (X,7,J) has a pair of fuzzy 
T,w-dense sets Ay and Ag such that Ay < 1— A2. We want to show that (X,7,J) is fuzzy 
T,w-resolvable. Suppose that (X,7,/) is a fuzzy I,w-irresolvable space. Then for all fuzzy 
T,w-dense sets A; in (X,7,I), we have I,-Cl(1 — »;) # 1. In particular [,.,-Cl(1 — A2) 4 1 
implies that there exist a fuzzy I,.,-closed set uw in (X,7,JI) such that (1 — A2) < w < 1. Then 
Ay <1-dg <p <1 >r1 <p < 1, which is a contradiction to [,4-Cl(\1) = 1. Hence our 
assumption that (X,7, JI) is a fuzzy I,-w-irresolvable space, is wrong. Hence (X,7, J) is a fuzzy 


T-w-resolvable space. 
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Proposition 8.1. A fuzzy ideal topological space (X,T,I) is a fuzzy I,-w-resolvable space 
if VV Ni = 1 where [,w-Int(rA\;) = 0. 
i=1 
Proof. V Ay = 1 where I,,,-Int(A;) = 0, implies that 1— V A; = 0. Then we have A (1—A;) = 

i=l i=1 i=1 

0. Then there must be at least two non-zero disjoint fuzzy sets 1— ,;, 1— A; in (X,7, I). Hence 
(1—A;) + (1—A;) < 1. Therefore (1—;) < A; which implies that [,,,-Cl(1— Ai) < Ipw-Cl(A;)- 
But J, -Int(A;) = 0 implies that J,.,-Cl(1 — A;) = 1. Hence 1 < I, -Cl(A;) which implies that 
Tpw-Cl(A;) = 1. Also Ip-w-Int(A;) = 0 implies that [--Cl(1 — »;) = 1. Therefore (X,7, I) has 
a fuzzy I;w-dense set A; such that I,,-Cl(1— A;) = 1. Hence (X,7, J) is a fuzzy I,.,-resolvable 


space. 


Proposition 8.2. If (X,7,1) is fuzzy I,w-irresolvable if and only if Ipw-Int(A) 4 0 for 
all fuzzy I, -dense sets X in (X,7,I). 


Proof. Since (X,7,J) is fuzzy I, -irresolvable, for all fuzzy I,.,-dense sets X in (X,7,I), we 
have Ip»-Cl(1 — A) #1. Then 1 — I,-Int(\) 4 1 implies that [,-y-int(A) 4 0. 

Conversely let [,..-Int(A) 4 0 for each fuzzy I,.,-dense set in (X,7,I). Suppose that 
(X,7, I) is fuzzy I-w-resolvable. Then there exists a non-zero fuzzy I;-dense set A in (X,7, I) 
such that I,-.-Cl(1 — A) = 1. Then we have 1 — [,,-Int(A) = 1 and therefore [,.,-Int(A) = 0 
which is a contradiction. Hence (X,7, J) is a fuzzy I,-w-irresolvable space. 


§9. Functions and fuzzy [,.,-irresolvable spaces 


Definition 9.1. A function f : (X,7,I) > (Y,0,J) is said to be weakly somewhat fuzzy 
I,w-open if for each Ip -dense fuzzy set \ in (Y,o,I) with Ipw-Int(A) 4 0, we have that f~'(A) 
is also a fuzzy Ipw-dense set in (X,7, 1). 

The above definition leads to a characterization of fuzzy I,.,-irresolvable space as follows: 

Theorem 9.1. The following statements are equivalent for a fuzzy ideal topological space 
(Y,0,1). 


(1) (Y,0,1) is fuzzy I,-w-irresolvable 


(2) For every fuzzy ideal topological space (X,7,I), every weakly somewhat fuzzy I,.-open 
function f : (X,7,I) > (Y,0,1) is somewhat fuzzy I,-w-open. 


Proof. (1) = (2) Let f : (X,7,I) > (Y,0,I) be a weakly somewhat fuzzy I, -open function 
from a fuzzy ideal topological spaces (X,7, J) to a fuzzy I,.,-irresolvable space (Y,o, I). Since 
(Y,0,1) is fuzzy I,-w-irresolvable space, (Y,a,/) has a pair of fuzzy I,.-dense sets A; and A» 
such that Ay € 1— Ag. Now I, y-Int(A1) £0 and IL, -Int(Ag) 4 0. For, if L-w-Int(A1) = 0 then, 
1 = Tpw-Cl1— A1) = 0. Now Ay > 1—Ag => Ao > 1—Aq. Therefore [,.4-Cl(A2) > Ipw-Cl(1 — A1). 
In other words 1 — I, -Cl(A2) < 1 — Ipy-Cl — A1) = 0. Then 1 < I,,-Cl(Az) implies 1 < 1, 
which is a contradiction. Therefore [,.-Int(\1) 4 0. Similarly we can have I). -Int(A2) 4 0. 
Since f is weakly somewhat fuzzy I,,-open, f~'(A1) and f~1(Ag) are fuzzy I, -dense sets in 
(X,7,1I). Therefore by Theorem , f is somewhat fuzzy [,.y-open. 
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(2) = (1) Suppose that fuzzy ideal topological space (Y,¢, I) is fuzzy I,-w-resolvable. This 
means that there exists a pair of fuzzy I; w-dense sets A; and Az such that A, < 1 — A». Let 
X =Y andr = {0,1,1}. Define f : (X,7,I) — (Y,0,J) to be the identity function. Then 
f is not somewhat fuzzy I,.-open, since f~!(Az) is not a fuzzy I,»-dense set in (Y,T, I). For, 
fot (Ag) = Ag and Ag < 1-— Ay #1. Then Az < 1— Ay S Ipy-Cl(Ag) < Ipw-Cl(1 — A1). Since 
1— Ay is fuzzy closed and hence [,,-closed in (Y,7, I), Ipw-Cl(A2) 4 1. That is, Ag is not a fuzzy 
Iyy-dense set. We shall now show that f is weakly somewhat fuzzy I,.y-open. Let be any 
fuzzy I,.)-dense set in (Y,o,I) such that [,.,-Int(A) 4 0. Then f~!(A) = \. We have to show 
that [pw-CUf—1(A)] = Ipw-Cl(A) = 1 in (Y,7, 1). Now Ipw-Int(A) 4 0 and Aj is fuzzy I,-w-dense 
implies that \ < 1—A1. Therefore J,.,-Cl(A) = 1. That is, A is fuzzy I,,-dense in (Y,7, J). This 
proves that f is weakly somewhat fuzzy I;.,-open. Hence (2) = (1) is proved. 


Theorem 9.2. Let (X,7,I) and (Y,o,I) be any two fuzzy ideal topological spaces. Let 
f : (X,7,D) > (Y,0,I) be a somewhat fuzzy I-w-open function. If (X,7,I) is a fuzzy Ipw- 


irresolvable space, then (Y,o,1) is a fuzzy I,w-irresolvable space. 


Proof. Let X # 0 be an arbitrary fuzzy set in (Y,o) such that I, ~-Cl(A) = 1. We claim that 
Tpw-Int(A) # 0. Assume the contrary. That is, [-,-Int(A) = 0. Then by Proposition , we have 
Tpw-Int(f7*(A)) = 0 in (X,7,1). Now ) is fuzzy I,.,-dense in (Y,o,I), then by Theorem , we 
have f~1(A) is fuzzy I, -dense in (X,7,I). Therefore for the fuzzy I,-dense that f~1(A), we 
have [-w-Int(f~1(A)) = 0 in (X,7,1), which is a contradiction. [since (X,7,1) is fuzzy Ipw- 
irresolvable, by Proposition , [-w-Int(js) A 0 for all fuzzy I-dense sets w in (X,7,I) |. Hence 
we must have I,.-Int(y) 4 0 for all fuzzy I,.y-dense sets in (Y,a, 1). Hence by Proposition , 


(Y,¢,1) is a fuzzy I,.,-irresolvable space. 


Theorem 9.3. Let (X,7,I) and (Y,0,1) be any two fuzzy ideal topological spaces and 
f : (X,7,D > (Y,0,1) be a somewhat fuzzy Ipw-continuous and onto function. If (Y,o0,I) is a 
fuzzy I,w-irresolvable space, then (X,7,I) is a fuzzy I, -irresolvable space. 


Proof. Let 4 4 0 be an arbitrary fuzzy set in (X,7,J) such that [-y-Cl(A) = 1. We claim that 
Tpw-Int(A) # 0. Assume the contrary. That is, [-,-Int(A) = 0. Then by Proposition , we have 
Tpw-Int(f(A)) = 0. Now A is fuzzy I,.,-dense in (X,7,J), then by Theorem , we have f(A) is 
fuzzy I-w-dense in (X,7, 1). Therefore for the fuzzy I -dense set f(A) in (Y, 0,1), we have Ipy- 
Int(f(A)) = 0, which is a contradiction. [since (Y,o, J) is fuzzy I, -irresolvable, [-.-Int(y) 4 0 
for all fuzzy I;-w-dense sets js in (X,7,1)]. Therefore we must have I, -Int(A) 4 0 for all fuzzy 
T,w-dense sets A in (Y,7,I). Hence by Proposition , the fuzzy ideal topological space (X,7, I) 


is a fuzzy I, -irresolvable space. 
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Abstract Many scholars are interested in researching the divisor problem, and they have 
obtained a large number of good results. However, there are many problems have not been 
solved. In this paper we shall study the mean value of the exponential divisor function 


involving a negative r-th power by the convolution method. 
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81. Introduction 


Let n > 1 be an integer. The integer d = [[}_, pe is called an exponential divisor of 
n= []j_, pf, if b;|a; for every i € {1,2,--- ,s}, notation: d|.n. By convention 1|,1. 

Let 7°)(n) denote the number of exponential divisors of n. The function 7“) is called the 
exponential divisor function. Similarly to the generalization of d,(n) from d(n), we define the 
function O(n): 

7 (n) — II dy(aj),k Za 2, (1) 
piti||n 
Obviously when k = 2, that is 7°) (n). 7) (n) is obviously a multiplicative function. 
Throughout this paper, € always denotes a fixed but sufficiently small positive constant. 
J.Wu [1] got the following result: 
ye 7)(n) = A(x) + Bu? + O(xs log x), (2) 
n<u 


where 


a=5 


M.V.Subbarao [3] also proved for some positive integer r: 


So (7) (n))” ~ Apa, (3) 


n<ux 
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where 


Laszl6 Téth [4] improved the result (3) and established a more precise asymptotic formula 
for the r-th power of the function 7) (n): 


Ee (n))" =A,rt+ a? Por_(log x) + O(a"**), (4) 


nN<u 
Jing Huang and Ping Song [7] also proved that 


S*(1$9 (n))" = Apa + £3 Rgr_o(log x) + O(a? + 6), (5) 


n<ux 


where b, = (see [7], Lemma 2.2), Rgr_2(x) is a polynomial of degree 3” — 2 and 


paced eee 
3-—a3r_1 


In this paper, we shall study the mean value of the exponential divisor function involving 
a negative r-th power of the function ro?) (n) by the convolution method, where r > 1 is an 
integer. 


Theorem 1.1. For every integer r > 1 and N > 1, then we have 


N 
Do (159 (1) = Crt + 8 log? 2(Y 7 dj (r) log? # + O(log"*~ «)), (6) 
nN<au j=0 
where do(r), di(r),--+ ,dw(r) are computable constants, and 


= (dg(a — 1)” 
pe 


Gi IIc ys (d3(a))~" ). 


§2. Preliminaries 


In order to prove our theorem, we define for an arbitrary complex number z the general 


divisor function d,(n) by 


Ds d.(n)n~* = ¢*(s) = |] —p-*)~*, Res > 1, (7) 


Pp 


where a branch of ¢*(s) is defined by 


¢*(s) = exp{z log ¢(s)} = exp(—z ¥- S- j~!p™*), Res al (8) 


p j=l 
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The definition shows that d,(n) is multiplicative function of n which generalizes d;,(n). 
The divisor function d;,(n) (k > 2 a fixed integer) may be defined by 


So dk(n)n~* = ¢4(s) = [][G-p-*)*, Res > 1. (9) 


The proof of the Theorem 1.1 is based on the following lemmas. 
Lemma 2.1. Suppose s is a compler number for with Res > 1, r > 1 is a fixed integer, 
then 


oS 7) n))—" =r 
F(a) = 7 ON = e(90 enen, (10) 


where the Dirichlet series G(s,r) := >>, a) is absolutely convergent for Res > ; 


Proof. By the Euler product formula, we can get 


+ +:: 
: ps pes pes ) 
Tag ON, PA PO)", PO , PON |, 
: ps prs pes pts pes 
1 BP FOTE PO Bre 
= 1+ T + + T 
7: ps ps pes pts prs ) 
1 1 1 Bo eB Ot a 
=|Jaqa-—)*]]a 1+—4 + + 
ps ) II ps )( ps ps ps pts pes ) 
3°°-1 67-37" 3-67 
= C(s 1-4 
¢( dL ps pts ps ) 
= ¢(s)¢? "~1(28)G(s,r), 
(11) 
where the infinite series 
1 \3-r_y ea SE a eed Ce 
G(s, r) = IIa = pe) (1 ! pes : pss ‘ pes : ) 


Write G(s,r) = °°, “@. It is absolutely convergent for Res > i 


n=1 ns 


Lemma 2.2. Let A> 0 be arbitrary but fixed real number, and let Ni > 1 be an arbitrary 
but fixed integer. If |z| < A, then uniformly in z 


S d,(n) =C1(z)# log*~* & + Co(z)x log? * 4 +--- 
= (12) 
+ Cy, (z)a log?—™1 at O(a log tera t 2), 


where C;(z) = TG@-j-t)’ (j =1,2,---,N1) and each B;(z) ts regular for |z| < A. 
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Proof. See Ivié [2], Theorem 14.9. 


Lemma 2.3. Let A> 0 be arbitrary but fixed real number, and let M > 1 be an arbitrary 
but fixed integer. If |z| <A, then uniformly in z 


‘3 d.( *(2)a + 22 (K1(z) log?) a + Ko(z) log? 2.2 +--- 
+ Kyy(z) log?-™ x) + O(x? log®*?-™-1 g), 


where the functions Kj(z)(j =1,2,--- ,M) are regular in |z| < A. 


Proof. Suppose 1 < y < x is a parameter to be determined later. We have 


S* dln) = So de(n) > 1+ SS SS aeln)— SS Yo a.(n) 


mn? <x n<y mS MS eS mS ve nSy 


(14) 
ee 
where 
S- =) d,(n) 1 
S- or d,(n) 
dd, Do) 
3 mss n<y 
For 5°,, we have 
Y= Vay) 
oe, sae (15) 
= 2H) 4 OT lae(n) 


We see that |d.(n)| < dx(n), if k = [A] +1 and |z| < A. If we use the weak asymptotic 


formula (see, Ivié[2]) 


So dk(n) = ePy_1 (log x) + O(a), (16) 
n<u 
the error term in >, is bounded by O(y log*~ y). 


So by lemma2.2 and the partial summation, we have 


ae =e a) = 2 a) + O(ylog*~* y) 


n>y 
Qn 
=¢*(2 EG )log?~? y + SY (2 —Oi(2) log? J-ty 
Y 5a (17) 
Pree 
ar Siz = He — F — 1)Cj(z) log? FF y + -- 
j=l 


+ OC log" y) + O(ylog’ y). 


AT 
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Using Lemma 2.2, it is seen that 


ap PG 


m< ye n<y 


sae 
- FY o Jog?! y + OF log" y) + O(y log’ y). 


By similar computation, we can obtain 


Ni 
fare g- x Rez—N- 
=Ve ) /C;(2) SS m2 log at Ol (s° Vm “ log vr —)) 
j=1 MS oe mSay 
= 1 logm (19) 
=a >_ Cj(z)(5)* 7 log? ? a ine CL jo 
log x 
j=l mS ie 
+ O(/z log®??-1—! m7?) 
MSs 
gl ae Ni-1 x) 
where we define 
ae 1 logm,,_; 
= VE Ci(2)(5)** log mo 4(1 — PEM) 
2,1 j=l <% Og x 
Using Taylor formula and foregoing method, we can obtain 
=a 1 logm 
Pave LO Howe TS mda = eee 
2,1 j=l mss 
2! logr’ 
Ni or Ny 
1 ~ i 
=r? SOK; z)log* 4 a — — ye — j)C;(z) log? 9-1 y (20) 
y 4 
g=l j=l 


Ni 
2x . , paar 

Di = NE =F - Cj(2) log? y ++ 
+ O(ylog®°*— 1 y) +O gre Ni- ty), 


where Ky(z), K2(z),--- , Kn(z) are regular functions. 
So by choosing y = /@ log’ (x),C = Rez — M —k and N, = 2M +k — Rez completes the 
proof of the Lemma 2.3. 
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§3. Prove of Theorem 1.1. 


Now we go on with the proof of our main Theorem. 


Proof. Combining Lemma 2.1 and Lemma 2.3, we get 


So (rh (n))-" = S2 dz (na)g(ns) 


n<ux ninan3<x 
= So alms) SY) az (ne) 
n3g<x ninz<a/ng3 


1M er 
= SF a(na)[e*(2)(—) + (—)* $2 Ki (2) os (—) 


n3<x ng "3 j=l 3 
POC) bey (21) 
N3 nN3 
M 
=r¢" (2) S- g(n3)ng + v2 g(n3)ng 2 S_ Kj log?~7(—) 
n3 <x n3<a Py 3 
- 3 Rez—M-1, & 
+ (D2 afra)(0) log (=)) 


where 


n3<x 
1 1 = (7 & 
So(x) = 2? > g(n3)n3” ? S- K; log*7(—), 
n3 <x j=l as 
1 
_ U2) Rez—M-1/ © 
Ss(2) = D> 9(ns)(=)" log (=), 
n3 <x 
and we choose z = 37" — 1. 
Then we just need to calculate the three sums separately. 
Si(a) =a? "~"(2) YF g(ns)ns~ 
n3<x 
22 Zz = hs, Zz —1 (22) 
=x¢*(2) a g(n3)n3 x¢*(2) S> g(n3)ng 
n3=1 n3>x 


=C,(x) + O(2?**) 
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Analogously to }>, ,, we have 


So(x) = K; log? “—1-4( = 
a(x) =a? S© g(ns)n3~? S~ Kj log a 
n3<x j=l 
M 377-1-j 
= ie = log ng 
=r? 2K; log x yy g(ng)n3 2 (1 — ina ) 
= n3<x 
M-1 23) 
—-r - 1 -r 
=x? log? ~?a E;(r) log a + O(a? log? ~~? 2) 
j=0 
N 
1 -r . 1 —r 
=a? log? "~? « )\dj(r) log? @ + O(a? log? "~*~ 2), 
j=0 
where £1 (r), F(r),--- , Ey(r) are computable constants depending on r, and we set N = M-1. 
Similarly, we also have 
1 
x .2 eso E 
S3(z) = S- g(n3)(—)” loghee—™ “(—) 
n3 n3 
n3 <x 
Rez—M-1 
= fh Rez—M-1 = log n3 
ee ee i 
N32 
<x? log? "~M-2 y 
=x? be nie 


Hence, the Theorem 1.1 is proved by (21)-(23). 
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Abstract Let n > 1 be an integer, the function r“)(n) denote the exponential divisor 


function. In this paper, we will study the mean value of 7) (n) over cube-full numbers, that 


SOM)? = SO)? fa(n). 


n<ax 


is 


n<«x 


n is cube — full 
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§1. Introduction and preliminaries 


An integer n = Li p;* is called k-full number if all the exponents a; > k,a2 > k,-+- ,as > 
k. when k = 3, n is called cube-full integer, i.e. 


1, 
fa(n) = 


0, otherwise . 


n is cube-full , 


Many scholars are interested in researching the divisor problem and have obtained a large 
number of good results. But there are many problems hasn’t been solved. For example, 
F.Smarandache gave some unsolved problems in his book Only problems, Not solutions! [6], 
and one problem is that, a number n is called simple number if the product of its proper divisors 
is less than or equal to n. Generally speaking, n = p, or n = p”, or n = p®, or pq, where p and 
q are distinct primes. The properties of this simple number sequence has’t been studied yet. 
And other problems are introduced in this book, such as proper divisor products sequence and 
the largest exponent (of power p) which divides n, where p > 2 is an integer. 

In the definition of exponential divisor: suppose n > 1 is an integer, and n = [[}_, ps’. If 
Che’ Baar pe satisfies b;|a;,7 = 1,2,--- ,s, then d is called an exponential divisor of n, notation 
d|en. By convention 1|,1. 


J.Wu [4] improved the above result got the following result: 


ze 7) (n) = A(x) + Ba? + O(x5 log x), 


nxx 
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where 


3 
a=5 P 


M.V.Subbarao [2] also proved for some positive integer r, 


Sor (ny)? ~ Ana, 


n<ux 


where 


L.Toth [3] proved 


Yo (r(n))" = An(a) + 24 Pyro (logax) + O(a"**) 
n<x 
where P)r_2(t) is a polynomial of degree 2" — 2 in t, u, = aa. 
Similarly to the generalization of d,(n) from d(n), we define the function 1 (n): 


Obviously when k = 2, that is r{°)(n). roo) (n) is obviously a multiplicative function. In 
this paper we investigate the case k = 3, i.e. the properties of the functions 760) (n). 

In this paper, we will study the asymptotic formula for the mean value of the function 
(7{? (n))? over cube-full numbers. 


Theorem 1.1. We have the asymptotic formula 


= (7° (n))? = @3Qs,1(log x) + xt Q35,2 (log x) + O(2T*) 


n<«x 


n is cube — full 


where Qsi(t) is a polynomial of degree 8 in t, Q35,2(t) is a polynomial of degree 35 in t, 


— 3530376 _ 
oy = 2530376. — 0).241038422---. 


Natation Through out this paper, ¢ always denotes a fixed but sufficiently small positive 


constant. 


§2. Some lemmas 


In the section, we give some lemmas which will be used in the proof of our theorem. Lemma 
2.2, Lemma 2.3, and Lemmaz2.4 can be found in [5], [7], and [1]. 
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Lemma 2.1. = Let 
(n) = [I ds(ai), 
p;*\\n 
then we have 


9° be) (y))2 
BON _ easyer (asya(s), 


ewe b 


n is cube — full 


co 
where the infinite series G(s) = >~ am) is absolutely convergent for Rs > +. 
n=1 


Proof. By Euler’s product formula, we can get 


n=1 n=1 


n is cube — full 


=[] (1+ BOAO) , BOA , BOA) (A) fal") , BUS) f°) _ 
: ps : pes : ps : pts ' pes : 
_ d3(3) , d3(4) | (5) 
“110 ps , pts as prs : ) 
3? 6? 3? 
=T1(: ps + fe : ps ) 
36 9 
= 068) [04+ Fae + ope to) 
= ¢9(38)¢% (4s) TT. + Se -) 
= °(38)¢7°(48)G(s) 


Co 
where the infinite series G(s) := S> 2™ is absolutely convergent for Rs > z 


ns 


Lemma 2.2. Suppose f(m), g(n) are arithmetical functions such that 


J 


S> f(m) ey 2 (log x) + O(a ), So lg(n) xP), 


m<u j=l nN<ax 


where a, > a2 >--- Pay >a>P>0, P(t) ts a polynomial int, ifh(n) = SY) f(m)g(d), 


n=md 
then 
J 
D2 h(n) = D7 2% Q;(log x) + O(e*), 
n<u g=1, 
where Q,(t) 7 =1,--- ,J is a polynomial in t. 
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Lemma 2.3. Let } <0 <1, t >to > 2, we have 


C(o + it) Kt F logt. 


Lemma 2.4. Let $ <oa<l, define 


m(o) > eae 

—~ 3-4’ 2 — 8’ 
m(a) > a Pee 

— 5-60’ 8 — 54’ 
ee BO ye eae 

— 6-60’ 54 —~ 60’ 
mts 2112 41 Sieh 3 

—~ 859 — 9480’ 60 ~ 4’ 
m(a) > — 22408 3 28 

— 4537-48900’ 4 ~ 6’ 
mays 4324 5 geet 

— 1031-10440’ 6 ~ 8’ 
m(a) > ee F< < 0.91591, 

240 —9 

m(a) > Goda 


Lemma 2.5. 


»; d(3,--+ ,3,4,+++ ,4;n) = 2? Py 1 (log) + x4 Pys,9(log x) + O(x**) 
Ree 9 36 


where Pg i(t) is a polynomial of degree 8 in t, P35 .2(t) is a polynomial of degree 35 in t, oo = 


3530376 _ 
14646528 — 0-241038422..-. 


Proof. By the Perron’s formula, we have 


vate 


1 b+iT rs 
Ste) =X stmjatn) = 5 ff cPCas)c (4s) as +O) 


Oni . 
n<x —iT 


where 6 = $ +e, T = 2°, cis a very large number of fixed numbers, z <0o9< i According to 
the Residue theorem, we have 


S(a) = x Ps 1(log x) + 4 P35 9(log x) + Ty + Ip + Ts + O(1), 


1 pose 9 36 x 
i, =— 6° (38)C°° (4s) —ds, 
271 b-iT Ss 
1 ootit xv 
Ip = — " 36 (45)—d 
a= ae J, OBIE) Sas, 


b+iT s 
nee i 9(38)¢% (4s) —ds. 


271 ootiT 
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For I), [3, since a9 > # +06, (s =o +iT), and from Lemma 2.3, we have 


gte 
+13 < f |C(30 + 43T)|?|C(40 + 147) | 2° T~1do 


i 3 gte 
< ae +f +f \|C(30 + 43T)|°|¢(40 + 247) |? x do 
o 4G 3 


i 
= 4 94-30) , 36(1—40) 3 9(1-30) 
are, a eee aa do + TH f T 3 2°do 
1 
20 


4 


zte 
+ gay x? do 

3 
K ebT Ot! 4 aT ate 4 ge Te 4 ga teg ite 
<K patep—ote 


where 6 is very small normal number, 6 > ¢. 
T 
In Ke(1+ if |C(30 + 13T)|°|C(40 + 147) |?%t "dt. 
i 

According to the partial integral formula, we have 

T 

I= | |C(30 + i3T)|°|C(40 + 147) |*8dt « TIT. 
1 


If p; > 0, (¢ = 1,2) are real numbers, and oF + oA = 1, by Hélder inequality, we have 


T 


T us 1 
ee | IC(30 + 43T)|9») * ( | I¢(4o + iA) [9572 7. 


So we have to prove 
T 
| |C(30 + i3T)|9P'dt < TIT, 
1 


T 
/ |C(4o0 + 447) [POP2 dt « TTS, 
1 


Let m(300) = 9p1, m(4a0) = 36p2, since —2—~ + 


m(300) 
oo = FBS = 0.241038422---. 


36 


eC ony a 1, and from Lemma 2.4, we have 


§3. Proof of Theorem 1.1 


Proof. Let 
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such that 


From Lemma 2.1, we have G(s) = >> an) is absolutely convergent for ts > £, and then 
n=1 


D lon) « @F (2) 


n<ax 


From Lemma 2.5, we have 


ye d(3, Par 3,4, iy 4; m) = x Px 1 (log x) + v4 P35, (log 2) + On"); 3 
Gee eee (3) 
~~ 9 36 


where P3i(t) is a polynomial of degree 8 in t, P35,.2(t) is a polynomial of degree 35 in t, 
Combining (1), (2) and (3), and applying lemma 2.2, we have 


ye f(n) = 23 Qs. (log x) + 24 Q35,2(log x) + O(at®) 
n<ux 


where Qsi(t) is a polynomial of degree 8 in t, Q35,2(t) is a polynomial of degree 35 in ¢t, From 


lemma 2.1,we have 


(7$° (n))? fa(n) = pane 13.40 4m)g(d) = f(r) 
oo 9 36 


Then we complete the proof of Theorem 1.1. 
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Abstract We have already defined and worked on the second order involute curve of a unit 
speed curve in JL. In this paper, we consider the second order involute of a spacelike curve 
with timelike binormal in IL°® . There are three kinds of casual caharacteristics of the second 
order involute curve. All Frenet apparatus of their are examined in terms of Frenet apparatus 
of the curve a. 
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§1. Introduction and preliminaries 


Basic properties of involute-evolute curves are very famous studies in differantial geometry. 
In [5], [6] and [7] the second order involute curves , the second order Mannheim partner curve 
and the n°th order Bertrand mate curves in Euclidean 3-space are examined, respectively. 
In Lorenzt space there are two kind of non-null curve, which are timelike and spacelike. The 
involutes of the spacelike Curve with a timelike binormal spacelike binormal are examined in [1] 
and [2], respectively. In this study we will work on the second order involute curves in of a 
spacelike curve with timelike binormal in Lorenzt 3-space. 


(X,Y) = —x1y2 + Loy2 + r3y3 (1) 


is known Lorentz metric with index one, and {I He )} is 3-dimensional Lorentz space with 
notation [L3. For X € IL? the casual characteristics of any vector X, are if (X,X) > 0, X is 
spacelike vector, if (X, X) <0, X is timelike vector, if (X,X) = 0, X is lightlike or null vector. 
|X || = V(X, X)| is norm of X , [9]. Vectorel product of X and Y is 


XAY = (x3y2 — Loy3,21Y3 — U3Y1,T1Y2 — Tayi). (2) 


Let a : I + E® be the C?— class differentiable unit speed curve denote by {T,N,B} the 


moving Frenet frame. For an arbitrary curve a € E3, with first and second curvature, « and 
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7 respectively. Differential curve with Frenet frame, if tangent vector T is timelike (spacelike) 
vector is called timelike (spacelike) curve. 


° Frenet formulaes of a timelike curve are 
Ys BANG Nasr ors,: Boor (3) 
and 
TAN = -B, NAB=T, BAT=-—N. 


Darboux vector is 


W = 1T-«B, ||W||=%?-7? 


see in , [9]. For any unit speed curve a : I + E%, the vector W is called Darboux vector defined 
by [3] W = rT + «B. If we consider the normalization of the unit Darboux vector C' = That 
we can write. Let the angle between Darboux vector and binormal vector of first timelike curve 
be y and since B is spacelike, 


If |«| > |r| then, W is spacelike vector and 
kK = |W||coshy, 7r=||W||sinhy 


If || < |r|then, is W is timelike vector and 


kK = |W||sinhy, 7 =||W||coshy 
ee Frenet formulaes of spacelike curve with timelike binormal are 
T = 6N, N=-«T+7B, B'=7N (4) 
and 
TAN = B, NAB=-T, BATE=N. 


Darboux vector is W = rT — kB , see in [9]. Since B is timelike; 
if |k| < |r| then W is spacelike vector 


Kk = ||Wllsmhy, 7r=||W]|coshy, |W? =7?—«?. 


If || > |r| then W is timelike vector 


kK = ||Wlcoshy, 7=||Wl|sinhy, ||W||? =«?-7° 
see in [9]. 
eco Frenet formulaes of a spacelike curve with timelike normal vector 
a 2S RN NSRP eae. Bh ee (5) 
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and 
TAN = -B, NAB=-T, BATE=AN. 
Darboux vector is W = —7TI’+«B. Since B is spacelike, 


If || < |r| then is W timelike vector and 

kK = |W||sinhy, 7 =||W||coshy 
If |«| > |r| then W is spacelike vector then is timelike vector 

kK = |W||coshy, 7=||W||sinhy. 


The involute of a given curve is a well-known concept in Euclidean 3— space. We can say that 
evolute and involute is a method of deriving a new curve based on a given curve. The involute 
of the curve is called sometimes the evolvent. Involvents play a part in the construction of gears. 
The evolute is the locus of the centers of tangent circles of the given planar curve [8]. Here, we 
will work on the second order involute of spacelike evolute curve with timelike binormal. Let 
a:I— IL%be a spacelike evolute curve with timelike binormal. If tangent vector of the curve 
a, : I + IL? is perpendicular to tangent vector of the curve a: I > IL, then a, : I > IL? is 


the involute curve of spacelike curve a, and we have the equation, 
a,(s) =a(s)+A(s)T(s), A(s)=e—s, [A] (6) 


where c = constant. Also <T,T; >=0 and Ti, =N. 


Theorem 1.1. Frenet-Serret apparatus {T,,N,,B,,«,,7,} of involute curve a, of a 
spacelike evolute curve a, with timelike binormal , are given based on the Frenet-Serret 


apparatus {T, N, B,«,7} of evolute curve are 


T = N,N,= B 


—K Tr —T K 
Ps. BABS eae B. (7 
Tae aa ae ey 


The curvatures of curve a and the involute a,, respectively are 


€oVK2 — 7? KT! — K/T +1  N, is space like 
ee 2 27 €= (8) 
(c— s)a| |(e— s)a] |r? — K| —1 N, is time like 


see in [1]. 

Theorem 1.2. Frenet-Serret apparatus {T,,N,,B,,«,,7,} of involute curve a, of a 
spacelike evolute curve a, with spacelike binormal, are given based on the Frenet-Serret 
apparatus {T, N, B,«,7} of evolute curve are 

K T marti K 
T, = N,N, = T B, B= T 
, 5 WK? 4 72 VK24 72 SK? 4 72 VK2+ 7? 
The curvatures of curve a and the involute, a,, respectively, are 
VK2 + 7? KT! — KIT (10) 
Be es OS : 
, |(k — s)k| *  \(k—s)K| VK? + 7? 


(9) 
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§2. Second order involute of a spacelike curve with timelike 


binormal 


Let a, (s) be the involute of the curve a, (s).{T,,N,,B,,«,,7,} and {T,, N,, B,,*%,,7,} are 
collectively Frenet-Serret apparatus of the curve a, and the involute a,, respectively. a, has 
the parametrization with arclength s; as the involute curve of a(s). a, (s) = a, (s) + A1T, (s) 


is the parametrization of second order involute curve. Hence, we can write 
a, (8) = a(s) + A(s)T (s) + A1(s)N (s) (11) 
where it is given in terms of Frenet apparatus of evolute a, also A2 is constant. 
<T,7T2>=0 and To=N, 


see in [5]. 

Theorem 2.1. Involute and second involute curve of a spacelike evolute curve with 
timelike normal N or timelike binormal B , has the casual characteristics as in the following 
forms. Let {T,N,B,«,7}, {T,,N,,B,,*%,,7,} and {T,,N,,B,,«,,7,} are collectively Frenet 


apparatus of the evolute curve a, the involute a, and the second order involute a, , respectively. 


evolute involute 2”¢involute 
sst 
sst < (12) 
sts 
sst sts — tss 


Proof. For a spacelike evolute curve with timelike binormal and spacelike principal normal, 
hence 
T spacelike N spacelike B timelike (13) 
8 8 t 
Since < T,T; >= 0 and T, = N (spacelike), Tz must be spacelike. Hence the involute of a 
spacelike curve with timelike binormal is always spacelike curve. So normal N, or binormal 
B, must be timelike, as in the following way, 


Tangent T; Normal N, Binormal By, 
8 8 t (14) 
S t S 


and spacelike involute with timelike binormal B,, there are the following forms; 


evolute involute 2”%involute 
sst (15) 
sst sst < 
sts 
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For a spacelike evolute curve with timelike normal N, binormal B is spacelike. 


T spacelike N timelike B_ spacelike (16) 
8 t 8 
Since < T,T; >= 0 and T, = N (timelike). It is trivial that T; must be timelike.The involute 
of a spacelike curve with temelike normal is always timelike curve. 
T, timelike Ny, spacelike By, spacelike (17) 
t 8 8 
Hence a spacelike evolute curve with timelike normal N, has the casual characteristics as in 
the following form 


evolute involute 


sts > tss 


as a result, we have the proof. 


Theorem 2.2. Frenet apparatus of second order involute a, of a curve a can be given 
in terms of Frenet apparatus of a, 


tT = = T 4 B 


2 


N \(c — s)r| N \(c — s)K| |r? — w?| (-7TT + &B) if |x| > |7|, then N, spacelike 
i l7? — Kj V |r? — #9 | Jr? — 1") it |x| <|7|, then N, timelike 
KT! — Kr K2 — 7? 
B= \(e—-s)a| |r? —A4| ,,.. \te— sa] (=F 4B) if |x| > |7|, then B, timelike 
P Ir? — «3 Vir? — wi] Jt? — | | if |x| < |r|, then B, spacelike 
for 
evolute involute 2"4involute 
sst 
sst sst < 
sts 


Proof. Since for T, spacelike, N; spacelike, B, timelike and T, spacelike, No timelike, By space- 
like we have already 
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es SN 
—K T if |«1| > |m1|, then No spacelike 
Be > = Ta > Th ee Sa) 95 (18) 
Itz — «7 | ITZ — K7| if |k1| <|m]|, then N, timelike 
B —T1 Ky if|«1| > |71|, then Bo timelike 
° IT? — 4 lr? — Ki if|K1| < |71|, then B, spacelike 
hence 
T = —-KT+7B 
|7? — kK? | 
K2— 7? KT! — KIT 
Api ks l(c — s)r| Ww \(c — s)«| |r? — k?| (-7T +B) } if |x| >|7|, then N, spacelike 
; [TP FTI Jirz— 17] 17? = |) if | < |r], then N, timelike 
1 
KT! — KT K2 — 72 
BR = GRIT | oe. (Cee Cer aa) if |x| > |7|, then B, timelike 
° lt? — Ki Vie = eg] V/[t? — | ”| ig k| < |r|, then B, spacelike 
2 
a ee KT! — K/T K2— 7? 
I= | era) ~ | [eae 
(x7! — KIT)? |? - q| 
= 2) 9. a2 2 
(e— sx? [(e—a)al 


7 (47! — KT)? _ |<? _ 7)? 
— |(e= 8) |? |r? = 42)? 


The curvatures of curves , respectively, are 


_ aK -T7T _ KiT, — W471 _ J +1, No is space like (19) 
Ky = l(a. — 8)mal _ ; To, = _ 2,2)? q = ; : ; 
ci — 8)K1| \(e1 — 8)Ka| |77 — KY —1, N, is time like 
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Theorem 2.3. Frenet-Serret apparatus {T,, N,,B,,«,,7,} of involute curve a,, are given 


based on the Frenet apparatus {T, N, B,«,7} of evolute curve a; 


T, 


TK &. 
= T 4 B 
VAL iP 


Kl T1 —T K 


Nu N ‘ae B (20) 
Ki +77 VRe+7? Jr? — K?| Jr? — K?| 
moms Be Ky vari K 
Bi N T+ B, 
Ke +7? VR +72 J|r? — K?| J|r? — K?| 
for 
evolute involute 2”¢involute 
sst sts — tss. 


Proof. Frenet apparatus {T,, N,,B,,«,,7,} of involute curve a,, are given then [8] based on 
the Frenet apparatus {T, N, B, «,7} of evolute curve a; for 


evolute involute 


sst sts 


if |x| > |7|, then N, spacelike 


—K I 
= T+ B, 
Sr?) Jr? = | if |«| <|r|, then N, timelike (21) 


=F T+ K B if |x| > |7|, then B, timelike 
Sr? = | Jie — I if |x| < |r|, then B, spacelike. 


The curvatures of curve a and the involute a,, respectively are 


B 


egV K2 — T? KT! — KIT +1, JN, is space like 
ee eS ee 5 7 > «60 = (22) 
|(c — s)K| |(e — 8)K| |7? — K?| -1, N,_ is time like 
also 
2 
2 2 egVK2 — T2 KT! — Kir 2 
Ky + Ty =. 2 2 ’ 
|(e— s)k] |(e — 8)a| |r? — K?| 
fe ln? — 722 + (eer! — wr)? 
a = Tense ee 
For 


involute 24 involute 


sts tss. 
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Since 
Kl T. T K 
T, — Ny , No 5 5 = 5B, 2 5) - 2 = 5P, 
Ky + Tj Ky + Tj Ky + Ty Ky + Tj 
we have 
—K T 
i = T 
RR Ve 
N. KL N Tl —T K B 
2 oS 1 ’ 
Ka +77 JK +77 J |r? = K?| |7? — kK? | 
—T1 Ky —T K 
By = N T 4 
Ki +77 afk +77 Jr? — K?| |7? — K?| 


The curvatures of the second order curve a2 based on the involute a, , respectively are 


ee Mira a P+ (wre? (rath ein) le= al fr? — | 
Te a) =, 772 = : 
|(c — s)&| |7 K||(m — s)K1| \(m = s)rea| am? — 728 + (er! = wr)? 
Jnr tr? K1T, — KT1 
Since kp = ~—+—=_ and +, = a it is trivial. 
|(m — s)K1| * \(m— 8) Ki] 62 + 7? 
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81. Introduction 


Kubiak [11] and Sostak [18] introduced the fundamental concept of a fuzzy topological 
structure, as an extension of both crisp topology and fuzzy topology [3], in the sense that not 
only the objects are fuzzified, but also the axiomatics. In [19,20], Sostak gave some rules 
and showed how such an extension can be realized. Chattopadhyay et al., [5] have redefined 
the same concept under the name gradation of openness. A general approach to the study of 
topological type structures on fuzzy power sets was developed in [7—9,11,12]. Balasubramanian 
and Sundaram [1] gave the concept of generalized fuzzy closed sets in Chang’s fuzzy topology 
as an extension of generalized closed sets of Levine [13] in topological spaces. 

Jin Han Park and Jin Keun Park [16] introduced weaker form of generalized fuzzy closed 
set and generalized fuzzy continuous mappings i.e, regular generalized fuzzy closed set and 
generalizations of fuzzy continuous functions. Bhattacharya and Chakraborty [2] introduced 
another generalization of fuzzy closed set i.e, generalized regular fuzzy closed set which is 
the stronger form of the previous two generalizations. Recently, Vadivel and Elavarasan [23] 
introduced the concepts of r-generalized regular fuzzy closed sets in fuzzy topological spaces in 
the sense of Sostak. 
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In 1980, jain [10] introduced the notion of slightly continuous functions. Recently, Nour [14] 
defined slightly semicontinuous functions as a weak form of slightly continuity and investigat- 
ed its properties. On the other hand, Takashi Noiri [15] introduced the concept of slightly 
G-continuous functions. In 2004, Ekici and Caldas [6] introduced the notion of slightly +- 
continuity (slightly b-continuity). After that slightly fuzzy w-continuous functions and slightly 
fuzzy continuous functions are introduced by sudha et al. [21,22]. Recently, [23] introduced the 
concepts of r-generalized regular fuzzy closed sets, generalized regular fuzzy continuous func- 
tions and generalized regular fuzzy irresolute functions and investigate interrelation between 
them. 

In this paper, we introduce the concept of slightly regular fuzzy continuous, slightly gen- 
eralized regular fuzzy continuous and somewhat slightly generalized regular fuzzy continuous 
functions in fuzzy topological spaces in the sense of Sostak’s. Several interesting properties and 
characterizations are introduced and discussed. Furthermore, the relationship among the new 


concepts are introduced and established with some interesting counter examples. 


§2. Preliminaries 


Throughout this paper, let X be a nonempty set, J = [0,1] and Jo = (0,1). For A € 
I*, X(x) =) for all x € X. For x € X andt € Ip, a fuzzy point a; is defined by 


t ify=2 
0 ifyAn. 


Let Pt(X) be the family of all fuzzy points in X. A fuzzy point x, € A iff t < A(x). All other 
notations and definitions are standard, for all in the fuzzy set theory. 
Definition 2.1. /18] A function r: IX > I is called a fuzzy topology on X if it satisfies 


the following conditions: 


r(y) = 


(01) (0) = 7(1) =1, 
(02) TV ier Hi) = Nier Tui), for any {mi}ier CI*, 
(O03) T(pa A 2) > T(H1) A T(H2), for any pr, 2 € I~. 


The pair (X, 7) is called a fuzzy topological space (for short, fts ). A fuzzy set A is called 
an r-fuzzy open (r-fo, for short) if r(A) > r. A fuzzy set A is called an r-fuzzy closed (r-fc, for 
short) set iff 1 — \ is an r-fo set. 

Theorem 2.1. [4] Let (X,rT) be a fts. Then for each \ € I* andr € Ip, we define an 
operator C, : IX x Ip > I* as follows: C,(A, r) = A{u € IX :A <p, TI -p) > r}. For 
A, wEl* and r,s € Ip, the operator C, satisfies the following statements: 


(C1) C, (0, r) = 0, 
(C2) X<C,(A, 1), 


(C3) Cr(A, nr) V C7 (pu, 7) = CAV pb, 1), 
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(C4) C,(A, r) < C,(A, s) ifr<s, 
(C5) C,(C,(A, r), r) =C,(A, 1). 


Theorem 2.2. [4] Let (X,r) be a fts. Then for each \ € IX andr € Ip, we define 
an operator I, : IX x In > I* as follows: [,(A, r) = V{u € I* : <A, rl) > rr}. For 
A, wE I* andr,s € Io, the operator I, satisfies the following statements: 


(11) i, r) 7 i 


(16) 1.4 —A,r) =1—C,(,,r) and C,(1— A,r) =1-1,(, 1) 

Definition 2.2. [17] Let (X, T) be a fts, XE I* andr € Ip. Then 
(1) a fuzzy set » is called r-fuzzy regular open (for short, r-fro) if X = I-(C7(A,r),r). 
(2) a fuzzy set r is called r-fuzzy regular closed (for short, r-frc) if X= C,(U,(A,7r),1). 


(3) a fuzzy set r ts called r-fuzzy regular clopen (for short, r-frco) set iff X is r-fre set and 
r-fro set. 


Definition 2.3. /23/] Let f : (X, T) > (Y, o) be a function andr € Ip. Then f is called: 


(1) fuzzy regular continuous (for short, fr-continuous) if f~1(X) is r-fro set in I* for each 
AETY with o(A)>r. 


(2) fuzzy regular open (for short, fr-open) if f(A) is r-fro set in IY for each X € I* with 
T(A) >r. 


(3) fuzzy regular closed (for short, fr-closed) if f(A) is r-fre set in IX for each X € IX with 
r(1—-A)>r. 


Definition 2.4. /23] Let (X, T) be a fts. For 4,u€I* andr € Ip. 


(1) The r-fuzzy regular closure of A, denoted by RC;(A,r), and is defined by RC,(A,r) = 
Mwe I*|u >A, p ts r-fre }. 


(2) The r-fuzzy regular interiror of X, denoted by RI,(\,r), and is defined by RI,(A,r) = 
Vier x Mario) 
Definition 2.5. /23] Let (X, T) be a fts. For any \, we IX andr € Ih. 
(1) A fuzzy set d is called r-generalized regular fuzzy closed (for short, r-grfc) set if RC,(A,r) < 


jt, whenever X< pw and T(u) > r. 
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(2) A fuzzy set r is called r-generalized regular fuzzy open (for short, r-grfo) set if 1 — X is 
r-grfe. 

(3) A fuzzy set X is called r-generalized regular fuzzy clopen (for short, r-grfco) set iff r is 
r-grfc set and r-grfo set. 


Definition 2.6. /23] Let (X, T) be a fts. For 4,u€I* andr € Ip. 


(1) The r-generalized regular fuzzy closure of A, denoted by GRC,(A,r) and is defined by 
GRC,(A,r) = A{ueI*|A< py, p is r-grfc }. 


(2) The r-generalized regular fuzzy interiror of A, denoted by GRI,(A,r) and is defined by 
GRI,(A,r) = {ue I*| A> p, p is r-grfo }. 
Definition 2.7. /23] Let (X, rT) and (Y, n) be a fts’s. Let f : (X, rT) > (Y, n) bea 


function. 


(1) f is called generalized regular fuzzy continuous (for short, grf-continuous) iff f~*(j) is 
r-grfc for each wE IX, r € Ig with n(1—p) >r. 


(2) f is called generalized regular fuzzy open (for short, grf-open) iff f(A) is r-grfo for each 
AET*®, re Ip with T(r) =r. 


(3) f is called generalized regular fuzzy closed (for short, grf-closed) iff f(A) is r-grfc for each 
AEI*, re lp with (I-A) =r. 


(4) generalized regular fuzzy irresolute (grfi, for short) if f~*(u) is an r-grfc set, for each 
r-grfc set we IY, r € Ip. 


Definition 2.8. /22/ Let (D, >) be a directed set. Let X be an ordinary set and f be 
the collection of all fuzzy points in X. The function S: D — f is called a fuzzy net in X. In 
other words, a fuzzy net is a pair (S, >) such that S is a function :D > f and > direct the 
domain of S. Forn € D, S(n) is often denoted by S,, and hence a net S is often denoted by 
{S,:n€ D}. 


§3. Slightly regular fuzzy continuous functions 


Definition 3.1. Let (X, 7) and (Y, 1) be fts’s. A function f : (X, 7) > (Y, 7) is called 
slightly regular fuzzy continuous (srfc, for short) if for each XE IX, we I* andr € Ip such 
that is an r-frco set and f(A) < p, there exists r-fro setv € IX, r € Ip, A<v and f(v) < p. 

Proposition 3.1. Let (X, 7) and (Y, ) be fts’s. For the function f : (X, 7) > (Y, n), 
the following statements are equivalent: 


(1) f is srfc function. 
(2) f-1(v) is an r-fro set for eachv € IY, r € Ip such that v is r-freo set. 


(3) flv) is an r-fre set for each vy € IY, r € Ip such that v is r-freo set. 
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(4) flv) is an r-freo set for each v € IY, r € Ip such that v is r-freo set. 


(5) For each fuzzy set \ € I*,r € Ip and for every fuzzy net {S, :n € D} which converges 
to A, the fuzzy net {f(S,):n € D} ts eventually in each r-freo set pw with f(A) < p. 


Proof. (1)=(2): Let v € IY ,r € Ip such that v is r-frco set and let A € I* such that \ < fo1(v). 
Since v is an r-frco set with f(A) < v. By (1), there exists r-fro set w € IX, r € Ip, \ < wand 
f(u) <v. Hence f~!(v) is an r-fro set. 


(2)>(3 - _Let v € I*,r € Ig such that v is r-frco set, then 1 — v is r-frco. By (2), 
T(I-v)= ~l(v) is r-fro set in X, thus f~+(v) is r-fre set in X. 
(3)=>(4): It is — from (2) and (3). 


a 
(4)=(5): Let {5, :n € D} be a fuzzy net converges to the r-freo set \ € I* and let pw € IY 
be an r-frco set such that f(A) < yu. By using (3), there exist an r-frco set v € I*, r € Ip such 
that A < v and f(v) < w. Since the fuzzy net {S,, :n € D} converges to », Sn, <A < v. Now 
Sn <A<v. Thus f(S,) < f(v) < pu. Hence {f(S;,) :n € D} is eventually in each r-frco set pu. 
(5)=(1): Suppose that f is not srfe function. Then for every \ € I*,  € IY, r € Ip such 


that pz is an r-frco set and f(A) < 1, there does not exist r-fro set v € IX such that \ < v and 
f(v) < pw. Hence f(S,) < pw. That is, the fuzzy net {f(S,) :n € D} is not eventually in an 
r-frco set 4 with f(A) < pu, which is a contradiction. Hence f is srfc function. 


Proposition 3.2. Let (X, 7), (Y, 72) and (Z, 73) be fts’s. For the function f : 
(X, m1) > (Y, 72) and g:(Y, 72) > (Z, 73), the following statements are satisfied: 


(1) If f and g are srfc functions, then so is go f. 


(2) If f is a surjective fuzzy regular irresolute, fuzzy regular open function and g be any 


function, then go f is srfc function iff g is srfe. 


Proof. (1): Clear. 

(2): Suppose that go f is srfe function, A € 1%, r € Ip such that 2 is an r-frco set. By 
using Proposition (2), f-'(g~!(A)) = (go f)~1(A) is an r-fro set in I*. Since f is fuzzy regular 
open, g-‘(A) = f(f~*(g7!())) is an r-fro set. Therefore by Proposition , g is srfc function. 

Conversely, let v € 17, r € Ip such that v an r-frco set. Since g is srfc function, g~!(v) is 
an r-fro set in JY and f is fuzzy regular irresolute function, f~'(g~1(v)) = (go f)~1(v) is an 


r-fro set in IX. Therefore by Proposition , go f is srfe function. 


Definition 3.2. Let (X, 7) is said to be an r-fuzzy regular connected iff 0 and I are the 
only fuzzy sets which are both r-fro and r-fre. 
Proposition 3.3. Let (X, 7) and (Y, 7) be fts’s, and let f : (X, 7) > (Y, ) be a 


function. If (Y, 1) is an r-fuzzy regular connected, then f is srfc function. 


Proof. Let (Y, 7) be an r-fuzzy regular connected space. Then 0 and I are the only r-frco sets. 


Since f~!(0) and f~1(1) are both r-fro in 1*. Hence by Proposition , f is srfe function. 


Proposition 3.4. Let (X, 7) and (Y, 7) be fts’s, and let f : (X, T) > (Y, ») be srfc 


function. If (X, 7) is an r-fuzzy regular connected, then so is (Y, 7). 
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Proof. Suppose that (Y, 1) be an r-fuzzy regular disconnected space and v € IY — {0,1} be an 
r-frco set. Since f is srfc function, f~'(v) is an r-frco set which is contradiction. Hence (Y, 7) 
is an r-fuzzy regular connected. 


§4. Slightly generalized regular fuzzy continuous functions 


Definition 4.1. Let (X, 7) and (Y, 7) be fts’s. A function f : (X, 7) > (Y, 1) is called: 


(1) almost *-generalized regular fuzzy continuous (ax-grfc, for short) if for each XE IX, we 
IX, r € Ig such that n(u) > r and f(A) < p, there exists an r-grfo set v € I* such that 
AS<v and f(v) < In(Cn(u,7),7)- 


(2) 0*-generalized regular fuzzy continuous (0*-grfc, for short) if for each \ € IX, we IY, r 


Io such that n(u) > r and f(A) < p, there exists an r-grfo set v € I* such that \ < v 
and f(C;(v,r)) < Cy(u,7). 


(3) weaklyx-generalized regular fuzzy continuous (w*-grfc, for short) if for each X€ I*, we 


IY, r € Ip such that n(p) > r and f(A) < p, there exists an r-grfo set v € I* such that 
A<v and f(v) < C,(u,r). 


(4) slightly generalized regular fuzzy continuous (sgrfc, for short) if for each X € IX, w € 
I’, r € Ip such that p is an r-frco set and f(A) < p, there exists an r-grfo set v € I* 
such that \< v and f(v) < p. 


Remark 4.1. 
(1) Every ax-grfc function is 0x-grfc function. 
(2) Every 6«-grfc function is sgrfc (resp. wx-grfc) function. 
(3) Every sgrfc function is w-grfc function. 


The above Definition and Remark show the following implication is true but the reverse 
implication is not true in general. 


Example 4.1. Let X =Y = {a, b, c} and f : (X, rT) > (Y, n) be the identity function. 
Define X, 6€ IX, we I™ as follows: (a) = 0.3, A(b) = 0.4, A(c) = 0.5; u(a) = 0.3, p(b) = 
0.4, u(c) = 0.5; d(a) = 0.4, 6(b) = 0.4, d(c) = 0.5. We define a fuzzy topologies r and 7 as 
follows: 


1 ifX=0 orl, 1 ifXA=0 orl, 
r)=42 ifrA=A WA=4k HARK, 
0 otherwise, 0 otherwise, 
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For r = 1/2, then f is 0*-grfe function but not ax-grfc, because X € I*, we IY, r € Ip 
such that n(u) > r and f(A) < p, there exists an r-grfo set 6 € IX and X < 5 such that 
H(Cx(5,1)) S Cq(usr) but (8) £In(Cylte.7),1)- 

Example 4.2. Let X =Y = {a, b, c} and f : (X, rT) > (Y, n) be the identity function. 
Define 4, 6€ I*, we I” as follows: (a) = 0.3, A(b) = 0.4, A(c) = 0.5; w(a) = 0.5, (db) = 
0.5, u(c) = 0.5; d(a) = 0.4, 6(b) = 0.4, d(c) = 0.5. We define a fuzzy topologies r and 7 as 
follows: 


1 ifX=0 orl, 1 ifXA=0 orl, 
TAY=45 AHA, TAD=45 PA=H, 
0 otherwise, 0 otherwise, 


For r = 1/2, then f is wx-grfc function but not 0*-grfc, because X € IX, w € IX, r € Ip 
such that n(w) > r and f(A) < p, there exists an r-grfo set 6 € IX and X < 5 such that 
F(5) < Cyl) but f(Cr(6,r)) £ Cain). 

Example 4.3. In Example , f is sgrfc function but not 0*-grfe. 

Example 4.4. Let X =Y = {a, b, c} and f : (X, rT) > (Y, n) be the identity function. 
Define, 6€ I*, we I* as follows: A(a) = 0.3, A(b) = 0.4, A(c) = 0.5; w(a) = 0.4, (bd) = 
0.6, p(c) = 0.5; d(a) = 0.4, 6(b) = 0.4, d(c) = 0.5. We define a fuzzy topologies T and 7 as 
follows: 


1 ifX=0 orl, 1 ifX=0 orl, 
TA)=45 fA=A NMA =45 fA=H, 
0 otherwise, 0 otherwise, 


For r =1/2, then f is w*grfc function but not sgrfc, because X€ IX, we IX, r € Ig such that 
n(u) > r and f(A) < p, there exists an r-grfo set 6 € IX and X <6 such that f(d) < C,(u,7) 
but ps is not r-freo. 

Proposition 4.1. Let (X, 7) and (Y, 7) be fts’s. For the function f : (X, 7) > (Y, n), 
the following statements are equivalent: 


(1) f ts sgrfc function. 

(2) f-l(v) is an r-grfo set for each v € IX ,r € Ip such that v is r-grfco set. 
(3) f-1(v) is an r-grfc set for each € IY, r € In such that v is r-grfco set. 
(4) f-l(v) is an r-grfco set for each v € IX ,r € Ip such that v is r-grfco set. 


(5) For each fuzzy set € I*, r € Ip and for every fuzzy net {S,,:n € D} with converges to 
A, the fuzzy net {f(S,) :n © D} is eventually in each r-grfco set with f(A) < p. 


Proof. (1)=(2): Let v € IY, r € Ip such that v is r-grfco set and let \ € I* such that 
A < f7l(v). Since v is an r-grfco set with f(A) < v. By (1), there exists up € I* such that p is 
an r-grfo, \ < wand f(u) < v. Hence f~!(v) is an r-grfo set. 

(2)>(3): Let v € IY,r € Ip such that v is r-grfco set, then I — v is r-grfco. By (2), 
f-'-v) =1- f-1(v) is r-grfo set in X, thus f~!(v) is r-grfc set in X. 

(3)=(4): It is obvious from (2) and (3). 
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(4)=(5): Let {S, : n € D} be a fuzzy net converges to the r-grfco set A € I* and let 
yu € IY be an r-grfco set such that f(A) < ys. By using (3), there exist an r-grfo set v € I* 
such that A < and f(v) < pu. Since the fuzzy net {S, :n € D} converges to A, Sy, <A< Vv. 
Thus {f(S,) :n € D} is eventually in each r-grfco set p. 

(5)=>(1): Suppose that f is not sgrfc function. Then for every \ € I*, we IY, r € Ip 
such that ys is an r-grfo set and f(A) < py, there does not exist v € Ixy such that \ < v and 
flv) < wp. Hence f(S,) < u. That is the fuzzy net {f(S,) : nm € D} is not eventually in an 
r-grfco set «4 with f(A) < pu, which is a contradiction. Hence f is sgrfc function. 


Proposition 4.2. Let (X, 71), (Y, 72) and (Z, 73) be fts’s. For the function f : 
(X, 71) > (Y, 72) and g: (Y, 72) > (Z, 73), the following statements are satisfied: 


(1) If f and g are sgrfc functions, then so is go f. 


(2) If f ts a surjective grfi, grfo function and g be any function, then go f is sgrfc function 
iff g ts sgrfe. 


Proof. (1): is clear. 
(2): Suppose that go f is sgrfc function, \ € I is an r-grfco set. By using Proposition (2), 
fol(g-t(v)) = (ge f)71(v) is an r-grfo set in I*. Since f is grfo, g~!(A) = f(f71(g71(\))) is 
an r-grfo set. Therefore by Proposition , g is sgrfe function. 
Conversely, let v € I7% be an r-grfco set where r € Ip. Since g is sgrfc function, g~!(v) 
is an r-grfo set € IY and f is grfi function, f~'(g7!(v)) = (go f)71(v) is an r-grfo set € I*. 
Therefore by Proposition , go f is sgrfc function. 


Definition 4.2. A fts (X, T) is said to be an r-generalized regular fuzzy connected iff 0 
and 1 are the only fuzzy sets which are both r-grfo and r-grfc. 
Proposition 4.3. Let (X, T) and (Y, 7) be fts’s, and let f : (X, rT) > (Y, n) be a 


function. If (Y, 1) is an r-generalized regular fuzzy connected, then f is sgrfc function. 


Proof. Let (Y, 7) be an r-generalized regular fuzzy connected space. Then 0 and J are the only 
r-grfco sets. Since f~'(0) and f~!(1) are both r-grfo in JX. Hence by Proposition , f is sgrfc 


function. 


Proposition 4.4. Let (X, T) and (Y, 7) be fts’s, and let f : (X, T) > (Y, n) be sgrfc 
function. If (X, 7) is an r-generalized regular fuzzy connected, then so is (Y, 1). 


Proof. Suppose that (Y, 7) be an r-generalized regular fuzzy disconnected space and v € 
IY — {0,1} be an r-grfco set. Since f~(v) is an r-grfco set which is contradiction. Hence 


(Y, 7) is an r-generalized regular fuzzy connected. 


Definition 4.3. A fts (X, 7) is said to be an r-generalized regular fuzzy extremely 
disconnected if GRC,(A,r) is an r-grfo set for each X € I*,r € Ip such that X is an r-grfo set. 
Proposition 4.5. Let (X, 7) and (Y, ) be fts’s. If f : (X, 7) > (Y, n) be sgrfc function 


and (Y, 7) is an r-generalized regular fuzzy extremely disconnected, then f is axgrfc function. 
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Proof. \€ I*,u € I” ,r € Ip such that A and p are r-grfo sets. Since (Y, 7) is an r-generalized 
regular fuzzy extremely disconnected, GRC;,(uu,1r) is an r-grfco set. Now, f(A) < GRC,(p,7T) 
and since f is serfe function, there exists an r-grfo set v € I* such that \ < v and f(v) < 


C,(u,7r). Therefore, f is axgfe function. 


§5. Somewhat slightly generalized regular fuzzy continuous 


and open functions 


Definition 5.1. Let (X, 7) and (Y, 7) be fts’s. A function f : (X, T) > (Y, n) is 
called somewhat slightly generalized regular fuzzy continuous (swsgrfc, for short) if for each 
ANE IX, we I® andr € Ip such that f—'(u) 4 0 and f(A) < py, there exists an r-grfo set 
OAvET* such that \X<v andv < f7!(u). 

Remark 5.1. 


(1) Evrey srf-continuous function is sgrf-continuous. 
(2) Evrey srf-continuous (resp. sgrf-continuous) function is swsgrf-continuous. 


The above Definitions , (4), and Remark show the following implication is true but the 


reverse implication is not true in general. 


Example 5.1. In Example , for r = 1/2, then f is sgrfc function but not srfc, because 
NEI, wel”, r € Ip, such that n(u) > r and f(A) < p, there exists an r-grfo set 6 € IX 
and X <6 such that f(d) < pw but 6 is not r-fro set. 

Example 5.2. In Example , forr = 1/2, then f is swsgrfc function but not sgrfc, because 
ANE IX, wel”, r€ Ip such that n(u) > r and f(A) < p, there exists an r-grfo set 6 € I* and 
A <6 such that f(d) < pu but p is not r-freo. 

Example 5.3. In Example , f is swsgrfc function but not srfc. 


Definition 5.2. A fuzzy set \ in a fis (X, 7) is called r-generalized regular fuzzy dense 
(resp. r-fuzzy regular dense) set if there exists no r-grfc (resp. r-frco) set uw € I*, r € Ip such 
that\ <<. 

Example 5.4. Let X = {a, b}. Define X,  € I* as follows: (a) = 0.9, y(b) = 0.9. 
We define a fuzzy topology T as follows: 


1 ifX=0 orl, 
TA)=95 fA=H, 
0 otherwise. 
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So, if (a) = 0.9, A(b) = 0.8, then there exists no 1/3-grfc set u in I* such that \ < pw <1. 
Therefore, \ is an 1/3-generalized regular fuzzy dense set in I*. 
Example 5.5. In Example , if (a) = 0.8, A(b) = 0.9, then there exists no 1/3-frco set 
pin IX such that X< <1. Therefore, is an 1/3-fuzzy regular dense set in I* 
Definition 5.3. Let (X, 7T) be a fts. For a fuzzy set \ € IX, r € Ip, IZ and C” are 
defined as follows: 


(1) IZ =V{we IX | ws and p is r-freo}, 
(2) Ch = A{uel*® |X <p and p is r-freo}. 


Proposition 5.1. Let (X, 7) and (Y, 7) be fts’s, and let f : (X, 7) > (Y, 7) be any 


unction. Then the following are equivalent: 
g 
(1) | 1s SWSGTIC function. 


(2) If is an r-freo set such that f-1(A) 41 andr < f(1—v), for eachv € IX, r € Ip then 
there exists an r-grfc set p< 1—v €I* such that p> f-*(d). 


(3) If \ is r-generalized regular fuzzy dense set in IX, then f(X) is r-fuzzy regular dense set 
in IY such that every r-freo set uw < f(1—v), for eachv € IX andr € Ip. 


Proof. (1)=>(2) Suppose f is swsgrfe function, and let \ be any r-frco set in IY such that 
f-t() #4 Tand \ < f(i—v), for each v € IX, r € Ip. Then, I — 4 is r-freo in IY such 
that f~-'(1— A) 4 0 and f(v) < I—.. Then by the hypothesis, there exists an r-grfo set 
04a€I*, re€ Ip such that vy < a anda < f-!(1— X). That is, I— a is an r-grfc set and 
T-a>1-f-l(a—-)) = f-1(). Put T-a =p. Then p is an r-grfe set in I* such that 
w> f(a). 

(2)=(3) Let \ be an r-generalized regular fuzzy dense set in J*, and suppose that f(A) is 


not a fuzzy regular dense set in J’ , such that each r-freo set uw < f(1—v), for each vy € I*, re 
Ip. Then, there exists an r-frco set a € IY such that f(A) < a <I, since a <1, fo!(a) £1. 

Now, a is an r-frco set such that f~!(a) A I and f(I—v) > a, for each vy € IX, r€ Ip. 
Then by the hypothesis, there exists an r-grfc set y < I—v € I* such that y > f~'(a). But 
f-'(a) > f-'(f()) =A. That is, y > A. Therefore, there exists an r-grfc set y € I*,r € Ip 
such that y > A, which is a contradiction. Therefore, f() is an r-fuzzy regular dense set in IY 
such that y < f(I —v), for each v € I* and r-frco set y € I. 

(3)=(1) Let A be an r-freo set such that f~1(A) 4 0 and f(v) < A, for each vy € I*,r € Ip. 
Then, \ 4 0. Now, suppose that v < a and GRI,(f7!(A),r) =0 € I*. Then, GRC,(I — 
me ee ce 

That is, I— f~1(A) is an r-generalized regular fuzzy dense in J*. Then by (3), f(I—f7(A)) 
is an r-fuzzy regular dense set such that there exists an r-frco set uw < f(1 — v), for each 
v €I*,reé Ip. But fl — f-1()) = f(f- td —-A)) < I-A <I, since I — ) is an r-freo and 
fd —ftQ)) <1-A, RCOL(f(1- f7'Q()),r) < 1-2). That is, 1—- A >1=> =0, which is a 
contradiction, since \ 4 0. Therefore, v < a and GRI,(f~+(A),r) 40. So f is swsefe. 


Definition 5.4. Let (X,7) and (Y,n) be fts’s. A function f : (X,7T) > (Y,n) is called 
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(1) slightly generalized regular fuzzy open (briefly, sgrfo) if for each r-grfo set \ € I* and 
each  € IX, r € Ip such that X< p, f(A) is an r-freo set in IX and f(A) < f(u), 


(2) somewhat generalized regular fuzzy open (briefly, swgrfo) if for each r-grfo set0 AXE 
I*,r € Ip there exists an r-grfo set inO0 AE I such that f(A) > p, 


(3) somewhat slightly generalized regular fuzzy open (briefly, swsgrfo) if for each r-grfo set 
0 #X€ I* such that X < v and for each v € I*,r € Ip, there exists an r-freo set 
OApel”, p< flv) such that f(A) > p. 


That is, I"(f(A),7) #0, and there exists an r-frco set js such that f(v) > and X < vy, for 
each vy € I*, r € Ih. 

Remark 5.2. Evrey sgrfo (resp. swgrfo) function is swsgrfo function but the converse is 
not true in general as shown by the following example. 

Example 5.6. In Example , f is swsgrfo function but not sgrfo, since for each r-grfo set 
AE I* and eachyv € IX, r € Ip such that A < pu, f(A) is not r-freo in IY and f(A) < f(u). 

Example 5.7. Let X = Y = {a, b, c} and f : (X, 7) > (Y, 7) be the function. 
Define d, 1, v € I*, rx, wp € IY as follows: \4(a) = 0.5, A1(b) = 0.5, Ax(c) = 0.5; 
A2(a) = 0.5, A2(b) = 0.5, Ao(c) = 0.5; A(a) = 0.5, A(b) = 0.6, A(c) = 0.5; (a) = 0.5, pu(b) = 
0.5, u(c) = 0.5; v(a) = 0.7, v(b) = 0.6, v(c) = 0.5; 6(a) = 0.5, 6(b) = 0.6, d(c) = 0.6. We 
define a fuzzy topologies T and 7 as follows: 


1 ifX=0 orl, 1 ifXA=0 orl, 
TAY=45 AHA, NAD=45 A=, 
0 otherwise, 0 otherwise. 


For r = 1/2, then f is swsgrfo function but not swgrfo, because for each r-grfo set0 # AE 
I*, r © Ip such that \ < v for each v € I*, there exists an r-frco set0 Awe IY, w < flv) 
such that f(A) > pw but for each r-grfo set0 4 A € IX, r € Ip there exists an r-grfo set 
OAOET", such that f(A) Fu. 

Proposition 5.2. Let (X, 71), (Y, 72) and (Z, 73) be fts’s. If f : (X, 1) > (Y, 72) 
and g: (Y, T2) + (Z, 73) are swsgrfo functions, then go f : (X, 71) > (Z, 73) are swsgrfo 
function. 


Proof. Let 0 4 \ € I* be an r-grfo set r € Ig such that \ < pu, for each fuzzy set p € IX, r € Ip. 
Since f is swsgrfo, then there exists an r-frco set 0 A v € IY, and f(y) > v such that f(A) > v. 
Now, GRI,,(f(A),r) is an r-grfo in IY such that 
GRI,,(f(A),r) £0, GRI,,(f(A),r) < f(u), for each f(y) € IY. 
Since g is swsgrfo, then there exists an r-frco set 0 4 y € I% and y < g(f(m)) such that 
y < g(GRI,,(f(A),r)). But g(GRI,,(f(A),7r)) < g(f(A)). Thus, there exists an r-frco set 
0OA7E!I% and (go f)(u) > ¥, such that (go f)(A) > y. Therefore, go f is swsgrfo. 


Proposition 5.3. Let (X, 7) and (Y, n) be fts’s, and let f : (X, T) > (Y, ) be a 


biyective function. Then the following are equivalent: 


(1) f is swsgrfo function. 
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and \ > v for each v € I*, then there 


(2) If X is an r-grfc set in IX such that f(A) A 1 
<p such that f(A) < pb. 


exists an r-frco set 1 € IY, #1 and f(v) 


Proof. (1)=-(2) let \ be an r-grfc set in I* such that f(A) # I and A> v, for each vy € I*, re 
Ip. Then, I— 2 is an r-grfo set in J* such that f(I—A) 40 and I-A < 1—», for eachy € I*. 
So 1—A+#0. Since f is a swsgrfo, then there exists an r-frco set 04 6 € IY and f(I—v) > 6 
such that f(1— A) > 6. 

Now, I—6 is an r-frco set in JY such that I-5 4 I and 1—6 > f(v) such that T—6 > f(A). 
Take 1 — 6 = 1, so (2) is proved. 

(2)=(1) Let A 4 0 be any r-grfo set in I~ such that A < v, for each vy € IX. Then, T— A 
is an r-grfc set in J* such that 1— \ #4 1 and 1— A >1-—vp for each vy € I*, r € Ip. Now, 
f(l—-A) =1—f) SFL. For, if T— f(A) =I, then f(A) =0S A=0. 

Hence by the hypothesis, there exists an r-frco set uw € IY, 1 4 uw > f(1—v), such that 
f(—A) <p. That isOAT—p < f(v), such that [—p < f(d). Let T-pp =. Then, y £0 is 
an r-freo set in JY such that f(v) > y and f(A) > y. Therefore, f is swsgrfo function. 
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Abstract In this paper, we introduce the concepts of fuzzy upper and fuzzy lower e-continuous 
multifunction, fuzzy upper and fuzzy lower e-irresolute multifunction on fuzzy topological s- 

paces in Sostak sense. Several characterizations and properties of these fuzzy upper (resp. 

fuzzy lower) e-continuous, fuzzy upper (resp. lower) e-irresolute multifunctions are presented 

and their mutual relationships are established in L-fuzzy topological spaces. Later, composi- 
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§1. Introduction and preliminaries 


Kubiak [15] and Sostak [23] introduced the notion of (L-)fuzzy topological space as a 
generalization of L-topological spaces (originally called (L-) fuzzy topological spaces by Chang 
[6] and Goguen [8]. It is the grade of openness of an L-fuzzy set. A general approach to the study 
of topological type structures on fuzzy powersets was developed in [ [9]- [11], [15], [16], [23]- [25]]. 

Berge [5] introduced the concept multimapping F' : X —o Y where X and Y are topological 
spaces and Popa [21,22] introduced the notion of irresolute multimapping. After Chang intro- 
duced the concept of fuzzy topology [6], continuity of multifunctions in fuzzy topological spaces 
have been defined and studied by many authors from different view points (eg. see [3], [4], [18]- 
[20]). Tsiporkova et al., [27,28] introduced the continuity of fuzzy multivalued mappings in the 
Chang’s fuzzy topology [6]. Later, Abbas et al., [1] introduced the concepts of fuzzy upper and 
fuzzy lower semi-continuous multifunctions in L-fuzzy topological spaces. Recently, Sobana [26] 


and Vadivel [29] introduced r-feo sets (r-fec) sets, fuzzy e-continuity, fuzzy e-openness, fuzzy 
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e-closedness and r-fuzzy e-irresolute in a smooth topological space. 

In this paper, we introduce the concepts of fuzzy upper and fuzzy lower e-continuous 
multifunction, fuzzy upper and fuzzy lower e-irresolute multifunction on fuzzy topological spaces 
in Sostak sense. Several characterizations and properties of these multifunctions are presented 
and their mutual relationships are established in L-fuzzy topological spaces. Later, composition 
and union between these multifunctions have been studied. 

Throughout this paper, nonempty sets will be denoted by X, Y etc., ZL = [0, 1] and 
Lo = (0, 1}. The family of all fuzzy sets in X is denoted by L*. The complement of an L-fuzzy 
set A is denoted by A°. This symbol — for a multifunction. 

For a € L, a(x) = a0 for all x € X. A fuzzy point 2, for t € Lo is an element of L* such 

t ify=a betes am Beets 

that x:(y) = The family of all fuzzy points in X is denoted by Pt(X). A fuzzy 
0 ifyAn. 

point x, € A iff t < A(x). 

All other notations are standard notations of L-fuzzy set theory. 

Definition 1.1. [1] Let F : X — Y, then F is called a fuzzy multifunction (FM, for short) 
if and only if F(x) € LY for each x € X. The degree of membership of y in F(a) is denoted by 
F(x)(y) =Gr(a, y) for any (x, y) € X x Y. The domain of F, denoted by domain(F’) and the 
range of F, denoted by rng(F), for anyx € X andy € Y, are defined by : 


dom(F)(a) = af Gr(a, y) and rng(F)(y) = VV Gr(a, y). 


yey rex 


Definition 1.2. [1] Let F: X —-Y be a FM. Then F is called: 
(i) Normalized iff for each x € X, there exirts yo € Y such that Gr(x, yo) = 1. 
(ii) A crisp iff Gr(x, y) =1 for each x € X andy€Y. 

Definition 1.3. [1] Let F: X —-Y be a FM. Then 


(i) The image of \ € L* is an L-fuzzy set F(A) € LY defined by 


FO)(y) = VV [Gr(e, y) A X(2)]. 


rex 
(ii) The lower inverse of u € LY is an L-fuzzy set F'(u) € L* defined by 


F'(u)(a) = \J [Gr(a, y) A wy)]. 


yEeY 
(iti) The upper inverse of  € LY is an L-fuzzy set F“(u) € L* defined by 


F"(u)(c) = [\ (F(a, y) V u)I- 
yeY 


Theorem 1.1. [1] Let F: X —Y be a FM. Then 


(i) F(\1) < Fs) if Ar < 2. 
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(ii) F"(u1) < F'(u2) and F“(m1) < F“ (ua), if wa < po. 
(itt) FY (pw) < F'(u), if F is normalized. 

(iv) (F(A))° < F(°), if F is surjective. 

(v) (F'(u))° < Fu’), if F is normalized. 

(vi) F'(I— pw) =1— F"(u) and F“(T— p) =T- F"(y). 
(vii) F(F“(p)) <p if F is a crisp. 
(vitt) F“(F(A)) > 2 if F is a crisp. 


Definition 1.4. [1] Let F: X —- Y and H: Y - Z be two FM. Then the composition 
H oF is defined by 
((Ho F)(a))(z) = \/ [Gr(a, vy) Guy, 2)]. 


yeY 
Theorem 1.2. [1] Let F: X -Y and H:Y -© Z be FM. Then we have the following 
(i) (Ho F)= F(A). 
(ii) (Ho F)* = F"(H"). 
(iii) (Ho F)! = F'(H), 
Theorem 1.3. [1] Let F;: X —Y be a FM. Then we have the following 


() (UFO) = VRQ). 
(i) (U F)'(u) = V Flu). 


ie ier 
(iii) (UFA"(u) = A Fu). 
ieLl ieL 


Definition 1.5. [11,15,17,23] An L-fuzzy topological space (L-fts, in short) is a pair 
(X, T), where X is a nonempty set and tT: L* + L is a mapping satisfying the following 


properties. 
(4) 7(0) =7(1) =1, 
(2) T(ma A 2) > T(H1) AT (Ha), for any pa, be € I*. 
(3) tT Vier Mi) 2 Nier T(ui), for any {uitier CI, 


Then 7 is called an L-fuzzy topology on X. For every  € L*, (A) is called the degree of 
openness of the L-fuzzy set 2. 

A mapping f : (X, 7) > (Y, 7) is said to be continuous with respect to L-fuzzy topologies 
r and 7 iff r(f-+(u)) > n(u) for each p € LY. 

Theorem 1.4. [7,13,14,17] Let (X, 7) be a an L-fts. Then for each X€ L*, r € Lo, we 
define L-fuzzy operators C, and I, : L* x Ly + L* as follows: 
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C,(d, r) = Mit E L* dX < L, ri - LL) > rhs 
L(A, r) = V{we pee bt, T(p) > rh. 
For X, 1 € L* andr, s € Lo, the operator C, satisfies the following conditions: 


(1) C,(0,r) =, 
(2) X\<C,(, 1), 
(3) Cr(A, r) VCr(u, 7) = CAV HB, 7), 
(4) Cr(Cr(A, © 

(5) CLA, 7) = iff TAS) > r. 


); r) =C,(, 1) 


(6) CLAS, r) = (0, 1))° and [,(\°%, r) = (C0, 1))°. 


Definition 1.6. [1] Let F : X — Y be a FM between two L-fts’s (X, 7), (Y, n) and 
r € Lo. Then F is called: 


(i) Fuzzy upper semi continuous (or Fuzzy upper) (in short, FUS (or FU )-continuous) at 
a L-fuzzy point x, € dom(F) iff x, € F“(u) for each w € LY and n(u) > r, there exists 
A € LX, r(A) > rr and x € X such that X\ dom(F) < F“(y). F is FU-continuous iff it 


is FU-continuous at every x, € dom(F). 


(ii) Fuzzy lower semi continuous (or Fuzzy lower) (in short, FLS (or FL )-continuous) at a L- 
fuzzy point x, € dom(F) iff x, € F'(w) for each uw € LY andn(p) > 1, there exists \ € L*, 
T(A) >r and x, € X such that \ < F'(u). F is FL-continuous iff it is FL-continuous at 
every x, € dom(F). 


(itt) Fuzzy continuous if it is FU-continuous and F L-continuous. 


Theorem 1.5. [1] Let F: X —- Y be a fuzzy multifunction between two L-fts’s (X, T) 
and (Y, n). Let 1€ LY. Then we have the following 


(1) F is FL-continuous iff T(F'(u)) > (pu). 

(2) If F is normlized, then F is FU-continuous iff T(F“(w)) > n(p). 

(3) F is FL-continuous iff 71 — F“(u)) > nA — p). 

(4) If F is normalized, then F is FU-continuous iff 7 — F'(u)) > 70 — p). 


Remark 1.1 [4,30] Let (X, 7) and (Y, 7) be a fts’s. The fuzzy sets of the form x 
with T(A) >r and n() > r form a basis for the product fuzzy topology T x n on X x Y, where 
for any (x, y) EX x Y, (Ax p)(a, y) = min{r(z), u(y)}- 

Definition 1.7. [4,19] Let FP: X —Y bea FM between two fts’s (X, T) and (Y, ). The 
graph fuzzy multifunction Gf: X > X x Y of F is defined as Gy(x) = x1 x F(x), for every 
ce x. 

Definition 1.8. [12] Let (X, rT) be a fts. For \, w € I* andr € Ip, X is called r- 
fuzzy regular open (for short, r-fro) (resp. r-fuzzy regular closed (for short, r-frc)) if X = 
L,(C,(,7),7) (resp. X= C,(1,(A, 1), 7)). 

Definition 1.9. [12] Let (X, rT) be a fts. Then for each we IX, x, € P(X) andr € Ip, 
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(i) ws ts called r-open Q,-neighbourhood of x, if xyqu with T(p) > r. 
(it) ps is called r-open R,-neighbourhood of x, if x.qu with w= 1,(Cr(u, 1), 1). 
We denoted 
Qr(xe, 7) = {we I* : equ, T(u) 27}, 
Re(xe, 7) = {we I : equ, w= L-(Cr(u, 1), 7)}- 
Definition 1.10. [12] Let (X, rT) be a fts. Then for each XE I*, x, € P,(X) andr € Ip, 
(i) x, ts called r-r cluster point of X if for every u € Qr(xz, 7), we have pq. 


(it) x, is called r-6 cluster point of » if for every p € R, (az, 7), we have pq. 


(iti) An 5-closure operator is a mapping DC, : I* x I > I* defined as follows: 
6C,(A, r) or DC,(A, vr) = Vi{ae € Py(X) : x, is r-d-cluster point of r}. 
Equivalently, 6C,(A, r) = \{uwe I* : >, pw is ar-fre set} and 
6L,(A, r)=Vfiwe IX su <d, pw is ar-fro set}. 


Definition 1.11. [12] Let (X, T) be a fuzzy topological space. For  € I* andr € Ip, X 
is called r-fuzzy 6-closed iff X= 6C,(A, r) or DC;(A, 1). 

Definition 1.12. [26] Let (X, 7) be a an L-fts. Then for each 4, uw € LX, r € Lo. Then 
X is called 


(1) 2 is called an r-fuzzy e-open (briefly, r-feo) set if X< C,(d-(A, 7), r) VI,(6C,(A, 1), 7). 
(2) » ts called an r-fuzzy e-closed (briefly, r-feo) set if C-(6I,(A, r), r)AI-(6C7(A, r), r) <A. 


Definition 1.13. [26] Let (X, 7) be an L-fts. Then for each \, w€ L*, r € Lo. Then X 
is called 


(i) eI,(A, r)=V{uweI* : <A, p is a r-feo set } is called the r-fuzzy e-interior of X. 


(ii) eC,(A, r) = A{uwe IX : p>, pw is a r-fec set } is called the r-fuzzy e-closure of X. 


§2. Fuzzy upper and lower e-continuous multifunctions 


Definition 2.1. Let F: X — Y be a FM between two L-fts’s (X, 7), (Y, 7) andr € Lo. 
Then F is called: 


(i) Fuzzy upper e-continuous (FUe-continuous, in short) at any L-fuzzy point x, € dom(F) 
iff x, € F“(p) for each w € LY and (pu) > r there exists r-feo set, \€ L* and x, € 
such that \ A dom(F) < F™(p). 


(ii) Fuzzy lower e-continuous (F'Le-continuous, in short) at any L-fuzzy point x, € dom(F) 
iff r, € F"(u) for each wp € LY and n() > r there exists r-feo set, \€ L* and x, € 
such that \ < F"(). 


(iit) FUe-continuous (resp. F Le-continuous) iff it is FUe-continuous (resp. F Le-continuous) 
at every x, € dom(F). 
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Remark 2.1 Let F be a FM between two L-fts’s (X, 7) and (Y, 7). For the mapping 
F:X —Y, the following statements are valid: 


(1) FU-continuous = FUe-continuous. 
(2) FL-continuous => F Le-continuous. 


The converse of the above Remark 2.1 need not be true as shown by the following examples. 


Example 2.1 Let X = {11, v2}, Y ={y1, yo, ys} and F: X —o Y be a FM defined by 
Gr(x1, y1) = 0.8, Gr(x1, yo) = 0.9, Gr(x1, y3) = 0.8, Gp(xo, y1) = 1, Gr(2, yo) = 0.7, and 
Gr(x2, y3) = 0.9. Let 1 and 2 be a fuzzy subsets of X be defined as A1(x1) = 0.3, A1 (a2) = 0.1 
and A2(a1) = 0.7, A2(a2) = 0.7 and p be a fuzzy subset of Y defined as u(y1) = 0.7, u(y2) = 0.9, 
Li(y3) = 0.8. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies tr : L* — L and 
n: LY + L as follows: 


1, ifA=Oorl, 1 
5 frA=AL, MH= 55, fu=p, 
0, otherwise, 0 


T(A) = 


are fuzzy topologies on X and Y. For r=s, as [L is 4 -fuzzy open in Y and F“() = ro is s- €0 
set in X. Then F : X —0 Y is FUe-continuous. But F is not FU-continuous, because fu is 
s fuzzy open in Y and F“ (1) = Ag ts not $ fuzzy open set in X. 

Example 2.2 Let X = {x, v2}, Y = {y1, yo, y3} and F : X —© Y be a FM defined 
by Gr(ai, yi) = 0.2, Gr(ai, yo) = 1, Gr(ai, y3) = 0, Gr(re2, yi) = 0.5, Gr(x2, yo) = 0, 
and Gr(a2, ys) = 0.3. Let A1 and 2 be a fuzzy subsets of X be defined as \1(a1) = 0.4, 
Ai(@2) = 0.3; A2(@71) = 0.9, A2(we) = 0.5 and pw be a fuzzy subset of Y defined as u(y) = 0.6, 
L(y2) = 0.9, u(y3) = 0. We assume that 1 = 1 and0 = 0. Define L-fuzzy topologies rT : LX > L 


and: LY — L as follows: 


1, ifA=Oorl, 1, ifu=Oorl, 
TA)=95, FA=Az, mH = 95, fu=p, 
0, otherwise, 0, otherwise. 


are fuzzy topologies on X and Y. For r=5, as [Lb 18 5 fuzzy open set in Y and F"(u) = Ag is 
+-feo set in X. Then F: X — Y is FLe-continuous. But F is not FL-continuous, because pu 
is 5-fuzzy open in Y and F"() = Az is not 4 -fuzzy open set in X. 

Proposition 2.1 Jf F is normalized, then F is FUe-continuous at an L-fuzzy point 
x, € dom(F) iff x, € F“() for each wp € LY and (pu) > r there exists \ € L*, is r-feo set 
and x, € X such that AX < F“(p). 

Theorem 2.1 Let F : X © Y be a FM between two L-fts’s (X, 7), (Y, 7) and we LY, 


then the following are equivalent: 


(i) F is FLe-continuous. 


(ii) F'(u) is r-feo set, for any n(u) > r. 
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(iti) F“(p) is r-fec set, for any n(1— p) >r. 
(iv) eC,(F"(u),r) < F“(C,(u,7)), for any we LY. 
(v) C,(51-(F"(u),7), 7) A T-(5Cr(F"(u), 7), 7) < F“(Cy(u,7)), for any we LY. 
Proof. (i) = (ii): Let x, € dom(F), w € LY, n(u) > rand 2; € F'(y) then, there exist \ € L*, 
d is r-feo set and 2; € A such that \ < F'(y) and hence x, € el,(F'(),r). Therefore, we 


obtain F!(u) < eI,(F'(u),r). Thus F!(y) is r-feo set. 
(ii) > (iii): Let w € LY and n(1 — p) > r hence by (ii), F’(I — p) = 1 — F“(p) is r-feo. 


Then F™ (yu) is r-fec. 
(iii) > (iv): Let  € LY hence by (iii), F“(C,,(u,7)) is r-fec. Then we obtain 


eCr(F“(u), 7) < F“(Cn(u, 1). 
(iv) + (v): Let  € LY hence by (iv), we obtain 
Cr (OL, (FM (H),17),7) AT (6C(F"(u),7),7) S eCPM), 7) < F(Cn(H, 1). 


(v) = (ii): Let w € LY, n(u) > r, hence by (v), we have 
1- F'(u) = F“(1— p) 
> C,(6E-(F*(T = p1),7),7) A Le(8C(F"(T = p),7),1) 
= C,(6I-(T— F'(u),r),7) A E-(8C,(0 — Fy), 7),0) 
=1=[C,(61,(F\u),r),7) V T(6Ce(F'(u),7),7) 
Flu) <C,(8E-(F'(u),r),7) V E-(8C,(F4(y1),7),7). 
Hence, F'(,1) is r-feo. 
(ii) > (i): Let x, € dom(F), we LY, n(u) > r, with x, € F' (yu) we have by (ii), F' (yw) is 
r-feo-set. Let F'(u) = A(say), then there exists \ € L*, \ is r-feo-set and a; € such that 
\ < F'(u). Thus F is F Le-continuous. 


Theorem 2.2 Let F: X —o Y be a FM and normalized between two L-fts’s (X, T), (Y, 7) 


and 1 € LY, then the following are equivalent: 
(i) F is FUe-continuous. 
(ii) F“(w) is r-feo set, for any n(p) > r. 
(iit) F'(u) is r-fec set, for any n(1— pw) >r. 
(iv) eC_(F'(u), 1) < FUCy(qs, 1), for any we LY. 
(v) C,(6E-(FAu), *), 1) A L:(6C.(F'(u), 1), 7) < FCy(, 1), for any we LY. 


Proof. This can be proved in a similar way as Theorem 2.1. 
Corollary 2.1 Let F : X —Y be a FM between two fts’s (X, 7), (Y, 7) and we LY. 
Then we have the following: 
(i) If F is normalized, then F is FUe-continuous at x, iff x, € r-feo set of F“(), for each 
n(u) > r and a, € F“(). 
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(ii) F is FLe-continuous at x, iff x, € r-feo set of F'(u), for each n() > r and x, € F"(p). 


Remark 2.2 Let F : X —o Y be a FM between two fts’s (X, 7), (Y, n) and we LY. Then 
we will show that if F is FUe-continuous and not normalized then x, ¢ r-feo set of F“(), for 
each n(4) > r, by the following example. 

Example 2.3 Let X = {1, vo}, Y = {y1, yo, y3} and F: X —o Y be a FM defined by 
Gr(a1, y1) = 0.1, Gr(x1, yo) = 0.6, Gr(a1, y3) =0, Gr(xe, y1) = 0.7, Gr(x2, yo) =0, and 
Gr(x2, y3) = 0.7. Let A1 and 2 be a fuzzy subsets of X be defined as \1(x1) = 0.5, A1 (a2) = 0.5 
and A2(a1) = 0.6, A2(a2) = 0.6 and pu be a fuzzy subset of Y defined as u(y1) = 0.6, u(y2) = 0.6, 
u(y3) = 0.6. We assume that 1 = 1 and 0 = 0. Define L-fuzzy topologies r : LX + L and 
n: LY + L as follows: 


1, ifA=Oorl, 1, ifu=Oorl, 
TA)=95, FA=A1, mH = 55, fu=p, 
0, otherwise, 0, otherwise. 


are fuzzy topologies on X and Y. Since dom(F)(x) = VV Gr(z,y), te t}6 € dom(F) and 


Y 
x7 € dom(F). From Definition 2.3, we have ‘a 
F“(0.6)(a1) = 0.6, F¥(0)(a1) =0.4,  F*(1)(a1) =1 
F*¥(0.6)(a) =0.6,, F%(0)(a2) =0.3, F“(1)(xg) = T. 


For r=s, 
(i) F is FUe-continuous. 


(it) F is not normalized. 


as jl 1s 5 -fuzzy open in Y and F“ (1) = Ag ts 4-feo set in X. Then 


1 
ae 
Theorem 2.3 Let {Fi}ier be a family of FLe-continuous between two fts’s (X, 7) and 


(Y, 1). Then U Fj is FLe-continuous. 
ieL 


(itt) The fuzzy point x, with x27 ¢ Aq where F“ (1) = Ag is r-feo set and n(p) > 


Proof. Let w € LY, then (U Fi)'(u) = VV (Fi'(w)) by, Theorem 1.3 (ii). Since {Fy}ier is a 
ieL icD 
family of FLe-continuous between two fts’s (X, 7) and (Y, 7), then F;'(u) is r-feo for any 


nu) > r. Then we have (UJ F;)'(u) = Vier (Fi (w)) is r-feo for any n(44) > r. Hence LU F; is 
ieP ier 


F Le-continuous. 


Theorem 2.4 Let {Fi}ier be a family of normalized FUe-continuous between two fts’s 
(X, 7) and (Y, n). Then Fi U Fo is FUe-continuous. 


Proof. Let w € LY, then 
(FLU Fa)"(u) = Fi" (nu) A Fo" (1) 


by, Theorem 1.3 (iii). Since {F;};er is a family of normalized FUe-continuous between two 
fts’s (X, 7) and (Y, 7), then (F;"()) if r-feo, for any (4) > r for each i € {1,2}. Then for 
each yp € LY, we have (F, U Fy)"“(u) = Fy “(u) A Fo“ (p) is r-feo set for any (yu) > r. Hence 
F, U Fy is FUe-continuous. 
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Definition 2.2 A fuzzy set » in a fts (X, T) is called r-fuzzy e-compact iff every family 
in {w: p is r-feo, we LX andr € L} covering X has a finite subcover. 

Definition 2.3 Let F : X —- Y be a FM between two fts’s (X, 7), (Y, 1) andr € Lo. 
Then F is called fuzzy e-compact valued iff F(a.) is r-fuzzy e-compact for each x, € dom(F). 

Theorem 2.5 Let F: X —° Y be a crisp FUe-continuous and e-compact valued between 
two fts’s (X, 7) and (Y, 7). Then the direct image of a r-fuzzy e-compact in X under F is also 


r-fuzzy e-compact. 


Proof. Let be r-fuzzy e-compact set in X and {yj : y% is r-feo set in Y, i ¢ T} be a family 


of covering of F(A). ie. F(A) < Vy. Since A= VV xz, we have 
ieL LEX 


FO)=F(Y a= V F@)<\V% 
aLEX rtEX 1eLr 
It follows that for each 2; € A, F(x4) < YW y%. Since F is r-fuzzy e-compact valued, then there 
ieD 


exists finite subset [,, of [ such that F(a;)< Wo o%n =Yx,- By Theorem 1.1 (viii), we have 
n€la, 


ve < F"(F(a:)) < F"(ye,) and A= \f a= \V Fe). 
aLEX 24EX 


Since, 7(7x,) > 7, then from Theorem 2.2, we have F™(7,,) is r-feo-set. Hence {F"(yz,) : 


F“(2,) is r-feo-set, x, € A} is a family covering the set A. Since X is r-fuzzy e-compact, then 


there exists finite index set N such that \< \V F"(qz,,). From Theorem 1.1 (vii), we have 
nEeN 


FO) SF(VY F'Qe.,)) = VF“ Oe:,.)) SV ven: 


neN nEeN nEeN 


Then F(A) is r-fuzzy e-compact. 


Theorem 2.6 Let F: X - Y and H:Y -© Z be two FM’s and let (X, T), (Y, 7) and 
(Z, 6) be three fts’s. Then we have the following: 


(i) If F and H are normalized, FUe-continuous, then H o F is FUe-continuous. 
(ii) If F and H are FLe-continuous, then Ho F is FLe-continuous. 


Proof. (i) Let F and H are normalized, FUe-continuous and v € L%. Then from Theorem 
1.2, we have (Ho F')"(v) = F“(H"(v)) is r-feo with v(H“(v)) > d(v). Thus Ho F is FUe- 
continuous. 

(ii) Similar of (i). 


Theorem 2.7 Let F: X —- Y and H:Y -— Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If F is FLe-continuous and H is FL-continuous, then H o F is 


F Le-continuous. 


Proof. Let v € L%, 5(v) > r. Since H is FL-continuous, then by Theorem 1.5, H'(v) is r-fuzzy 
open set in Y. Also, F is FLe-irresolute implies F'(H'(v)) is r-feo set in X. Hence, we have 
(Ho F)'(v) = F'(H'"(v)) is r-feo. Thus H o F is FLe-continuous. 
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Theorem 2.8 Let F: X —- Y and H:Y -— Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If F and H are normalized, F is FUe-continuous and H is FU- 


continuous, then H o F is FUe-continuous. 


Proof. This can be proved in a similar way as Theorem 2.7. 


Theorem 2.9 Let F : X —© Y be a FM between two fts’s (X, 7) and (Y, n). If Gp is 


FLe-continuous, then F is F Le-continuous. 


Proof. For the fuzzy sets p € LX, t(p) > r,v € LY and n(v) > r, we take, (px 
0, if x ¢ p, 

v)(z, y) = ; 
viy), ifxep. 


Let 2, € dom(F), w € LY and n(u) > r with xz, € F'(y), then we have x; € GY (xX x LL) 
and 7(X x py) > r. Since Gy is FLe-continuous, it follows that there exists \ € L*, A is r- 
feo and a; € A such that \ < G4(X x ys). From here, we obtain that A < F'(u). Thus F is 


F Le-continuous. 


Theorem 2.10 Let F: X —Y be a FM between two fts’s (X, T) and (Y, n). If Gy is 
FUe-continuous, then F is FUe-continuous. 


Proof. This can be proved in a similar way as Theorem 2.9. 


Theorem 2.11 Let (X, 7) and (X;, 7;) be L-fts’s (i € I). Ifa FM F : X — jer X; is 
FLe-continuous (where Wye, Xj; is the product space), then P;0 F is FLe-continuous for each 
i€ TI, where P; : WierX; > X; is the projection multifunction which is defined by P;(a;) = {x;} 
for eachi el. 


Proof. Let pi, € LX‘ and 7;(p;,) > 7. Then 
(Pig °F)! (Hig) = F’( PL, (tig) = F "(tig x Tistig Xs). 


Since F’ is FLe-continuous and 7;(f0;, x Tigi, Xi) > 7, it follows that F! (fi, X Tlizi, Xi) is r-feo 


set. Then P; o F is an FLe-continuous. 


We state the following result without proof in view of the above theorem. 

Theorem 2.12 Let (X, 7) and (X;, 7;) be L-fts’s (i € I). Ifa FM F : X — ler Xj is 
FUe-continuous (where jer Xj; is the product space), then P; 0 F is FUe-continuous for each 
i€ TI, where P; : WierX; > X; is the projection multifunction which is defined by P;(a;) = {x;} 
for eachi€ I. 

Theorem 2.13 Let (X;, 7;) and (Y;, ;) be L-fts’s and F; : X; —0 Y; be a FM for 
each i € I. Suppose that F : UWjerX; —o ier Y; is defined by F(a;) = Wier Fi (ai). If F is 


FLe-continuous, then F; is FLe-continuous for each i € I. 


Proof. Let i € LY and (ui) > r. Then ni(u; x Wiz;¥;) > r. Since F is FLe-continuous, it 
follows that F!(u; x WizjY;) = F' (ui) x Wiz; X; is r-feo. Consequently, we obtain that F!(p; 
is r-feo for each i € I. Thus, F; is F Le-continuous. 
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We state the following result without proof in view of above theorem. 

Theorem 2.14 Let (Xj, 7) and (Y;, ™) be L-fts’s and F, : X; —0 Y; be a FM for 
each i € I. Suppose that F : WieyX; —o WierY; is defined by F(x;) = UjerFj(x;). If F is 
FUe-continuous, then F;, is FUe-continuous for each i € I. 


§3. Fuzzy upper and lower e-irresolute multifunctions 


Definition 3.1 Let F: X —- Y be a FM between two L-fts’s (X, T), (Y, 7) andr € Lo. 
Then F is called: 


(i) Fuzzy upper e-irresolute (FUe-irresolute, in short) at an L-fuzzy point x, € dom(F) iff 
x, € F“() for each w € LY and p is r-feo, there exists \ € LX, \ is r-feo and x, € 
such that \A dom(F) < F™(p). 


(ii) Fuzzy lower e-irresolute (F Le-irresolute, in short) at an L-fuzzy point x, € dom(F) iff 
x, € F"(u) for each up € LY and p is r-feo, there exists X € L*, X is r-feo and x4 € 
such that \ < F"(). 


(iit) FUe-irresolute (resp. F'Le-irresolute) iff it is FUe-irresolute (resp. FLe-irresolute) at 
every x, € dom(F). 


Example 3.1 Let X = {11, v2}, Y ={y1, yo, ys} and F: X —-o Y be a FM defined by 
Gr(a1, yi) = 0-1, Gr(a1, yo) = 1, Gr(x1, y3) = 0, Gr(x2, yr) = 0.5, Gr(x2, yo) = 0, and 
Gr(x2, y3) = 1. Let \1 and Az be a fuzzy subsets of X be defined as (v1) = 0.5, A(x2) = 0.5: 
[41 and pig be a fuzzy subsets of Y defined as pi(y1) = 0.5, ui(y2) = 0.5, i(y3) = 0.5 and 
Ho(yi) = 0.4, pe(yo) = 0.4, pe(y3) = 0.4. We assume that 1 = 1 and 0 = 0. Define L-fuzzy 
topologies T: LX + L andn: LY > L as follows: 


1, ifA=Oorl, 1, ifu=Oorl, 
TAN = 45, fA=A, mu= 45, fu=in, 
0, otherwise, 0, otherwise. 


are fuzzy topologies on X and Y. For r = s then F is FUe-irresolute and F Le-irresolute. 
Proposition 3.1 F is normalized implies F is FUe-irresolute at x, € dom(F) iff x: € 
F“(y) for each 1 € LY and p is r-feo, there exists \ € L*, \ is r-feo and x; € X such that 
A< FY(u). 
Remark 3.1 Let F be a FM between two L-fts’s (X, 7) and (Y, 7). For the mapping 
F:X —Y, the following statements are valid: 


(1) FUe-irresolute > FUe-continuous. 
(2) FLe-irresolute > FLe-continuous. 


In general, the converse of Remark 3.1 need not be true from the following examples. 
Example 3.2 Let X = {11,72}, Y = {y1, yo, ys} and F: X —o Y be a FM defined by 
Gr(z1, m1) = 0.8, Gr(x1, y2) = 0.9, Gr(a1, ys) = 0.8, Gr(x2, #1) = 1, Gr(w2, y2) = 0.7, 
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and Gr(a2, y3) = 0.9. Let 1 and rz be a fuzzy subset of X be defined as r1(21) = 0.3, 
Ai(a2) = 0.1; A2(w1) = 0.1, A2(x2) = 0.2 and py and po be a fuzzy subsets of Y defined as 
Hi(yi1) = 0.7, pi(ye) = 0.9, wi(ys) = 0.8 and p2(yi) = 0.3, f2(yo) = 0-1, He(ys) = 0.2 We 
assume that 1 = 1 and0 = 0. Define L-fuzzy topologies t : LX + L andn: LY > L as follows: 


1, ifA=Oorl, 1, ifu=Oorl, 
T(A) = 4, ifA=”1, n(H) = 4 if = pl, 
0, otherwise, 0, otherwise. 


are fuzzy topologies on X and Y. For r = 3 then F : X — Y is FUe-continuous but not 
FUe-irresolute because [12 is $-feo in (Y, n), F“(p2) = Az is not 4-feo set in (X,7). 

Example 3.3 Let X = {11,72}, Y = {y1, yo, y3} and F : X —o Y be a FM defined 
by Gr(ai, yi) = 0.2, Gr(ai, yo) = 1, Gr(ai, y3) = 0, Gr(re, yi) = 0.5, Gr(x2, yo) = 0, 
and Gr(a2, y3) = 0.3. Let 1 and 2 be a fuzzy subsets of X be defined as \1(a1) = 0.4, 
Ai(a2) = 0.3; Ao(a1) = 0.2, Ao(x2) = 0.4, wi and pia be a fuzzy subsets of Y defined as 
ai(y1) = 0.6, Ha(y2) = 0.9, wai(ys) = 0; wo(yi) = 0.4, pa(ye) = 0.1, He(ys3) = 1. We assume 
that 1 =1 and0 =0. Define L-fuzzy topologies tr: LX + L andn: LY > L as follows: 


1, ifA=Oorl, 1, ifu=Oorl, 
T(A) = s, if A=”, n(H) = s if = pl, 
0, otherwise, 0, otherwise. 


are fuzzy topologies on X and Y. For rs: then F: X —° Y is FLe-continuous but not FLe- 
irresolute because [2 1s $- eo in (Y, n), F'(u2) = Az, is not 3-feo set in (X, T). 

Theorem 3.1 Let F : X —© Y be a FM between two L-fts’s (X, 7), (Y, 1) and pe L*, 
then the following are equivalent: 


(i) F is FLe-irresolute. 

(ii) F"() is r-feo set, for any p is r-feo. 
(iii) F“(u) is r-fec set, for any p is r-fec. 
(iv) eC,(F"(u),r) < F“(eC,,(,7)), for any p € LY. 

(v) C,(5I-(F"(w), 17), 7) A Ip(6Cr(F"(W),7).7) S F%(eCy(,7)), for any pe LY. 


Proof. (i) = (ii): Let x € dom(F), uw € LY, wis r-feo and 2; € F'() then, there exist \ € L*, 
d is r-feo set and 2; € \ such that A < F'(y) thus 2, € el,(F'(u),r). Therefore, we obtain 
F'(u) < el,(F'(u),r). Thus F'(y) is r-feo set. 

(ii) = (iii): Let w € LY and p is r-fec. Hence by (ii), F!(1— yw) = 1— F“() is r-feo. Then 
F(t) is r-fec. 

(iii) > (iv): Let w € LY hence by (iii), F“(eC;,(u, r)) is r-fec. Then we obtain 


eC(F™(u), 7) < F"(eCn(u, 1). 
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(iv) + (v): Let yp € LY hence by (iv), we obtain 
Cr (OL, (FM (H),7),7) AT (6C(F"(u), 1), 7) S eCr(FM(u), 7) SF (eCn(u,1))- 


(v) = (ii): Let w € LY and p is r-feo. Hence by (v), we have 
T- Fi(u) = F¥(1— p) 
= C,(61-(F"(1 — 1),7),7) A L-(6C-(F"(1 — 4), 7),7) 
= C,(51,(1— F"(u),r),r) A 1-(6C;(1 — F'(u), 7), 7) 
=1-[C,(61,(F"(u),r),r) VL (5C,(F'(u),7),7)] 
Flu) $ Cy(61,(F\(u),r),7) V Ee (5Cp(E\(),7),7). 
Hence, F'(j1) is r-feo. 
(ii) > (i): Let a € dom(F), w € LY and p is r-feo, with a; € F'(u) we have by 
(ii), F'(u) = A(say) is r-feo, then there exists \ € L*, is r-feo-set and x; € such that 
\ < F'(u). Thus F is FLe-irreesolute. 


Theorem 3.2 Let F: X —o Y be a FM and normalized between two L-fts’s (X, T), (Y, 7) 


and 1 € LY, then the following are equivalent: 
(i) F is FUe-irresolute. 
(it) F“() is r-feo set, for any p is r-feo. 
(iti) F"(w) is r-fec set, ps is r-fec. 
(iv) eC, (F"(pu),r) < F'(eC,,(u,1r)), for any w € LY. 


(v) C,(51-(F'(u),7),7) AI-(6Cr(F"(u),7), 7) < F'(eC,(u,7)), for any we LY. 


Proof. This can be proved in a similar way as Theorem 3.1. 


Corollary 3.1 Let F : X — Y be a FM between two fts’s (X, T), (Y, 7) and we LY. 
Then we have the following: 


(i) If F is normalized, then F is FUe-irresolute at a fuzzy point x, iff x, € r-feo set of 
F“(u), for each ps is r-feo and x, € F“ (1). 


(ii) F is FLe-irresolute at a fuzzy point x; iff x, € r-feo set of F'(u), for each p is r-feo and 
Te E F(y). 


Theorem 3.3 Let {Fi}ier be a family of FLe-irresolute between two fts’s (X, T) and 


(Y, n). Then UU F; is FLe-irresolute. 
ieL 
Proof. Let w € LY, then (U Fi)'(w) = V (Fi (u)) by, Theorem 1.3 (ii). Since {F;}ier is a 
ieP ieL 
family of FLe-irresolute between two fts’s (X, T) and (Y, 7), then F/() is r-feo for any pu 


is r-feo. Then we have (LU Fi)!'(u) = Vier(Fi(u)) is r-feo for any p is r-feo. Hence U F; is 
ieD ieL 


F Le-irresolute. 


Theorem 3.4 Let {Fi}icr be a family of normalized FUe-irresolute between two fts’s 
(X, 7) and (Y, n). Then FU Fo is FUe-irresolute. 
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Proof. Let 4 € LY, then 
(FLU Fo)"(u) = Fi" (ue) A Fo" (u) 


by, Theorem 1.3 (iii). Since {Fi}ier is a family of normalized FUec-irresolute between two fts’s 
(X, 7) and (Y, 7), then F;"(y) is r-feo, for any yz is r-feo, for each i € {1,2}. Then for each 
w€ LY, we have (F, U Fy)"“(u) = Fy“(u) A Fo“() is r-feo, for any ps is r-feo set. Hence FU Fy 
is FUe-irresolute. 


Theorem 3.5 Let F.: X — Y be a crisp FUe-irresolute and e-compact valued between 
two fts’s (X, 7) and (Y, 7). Then the direct image of a r-fuzzy e-compact in X under F is also 


r-fuzzy e-compact. 


Proof. Let A be r-fuzzy e-compact set in X and {7; : 7; is r-feo set in Y,i €T} bea family of 


covering of F(A). ie. F(A) < Vy. Since A= VY zz, we have 
ier aLEX 


It follows that for each x; € A, F(a:) < \YV y%. Since F is fuzzy e-compact valued, then there 
ieD 
exists finite subset Tz, of P such that F(a1) < Yom =7x,- By Theorem 1.1 (viii), we have, 
nels, 


ny < F"(F(a2)) < F"(ye,) and A= \f = \V F"(ve,). 
rLEX 2LEX 


Since, 7x, is r-feo, then from Theorem 2.2, we have F™(y,z,) is r-feo. Hence {F“(7x,) : 
F“(4z,) is r-feo, x, € A} is a family covering the set \. Since \ is r-fuzzy e-compact, then there 
exists finite index set N such that \< VV F"(qz,,). From Theorem 1.1 (vii), we have 

nEN 


F(A) < F( Vn len) = V PEO) S V Teen 


Then F'(A) is r-fuzzy e-compact. 


Theorem 3.6 Let F: X —-- Y and H:Y -— Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If F is FLe-irresolute and H is FLe-irresolute, then H o F is 
F Le-irresolute. 


Proof. Let v € L%, v is r-feo. Since H is FLe-irresolute, then by Theorem 3.1, H'(v) is r- 
feo set in Y. Also, F is FLe-irresolute implies F'(H'(v)) is r-feo set in X. Hence, we have 
(Ho F)'(v) = F'(H"(v)) is r-feo. Thus H o F is FLe-irresolute. 


Theorem 3.7. Let F: X - Y and H:Y -0 Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If F is FUe-irresolute and H is FUe-irresolute, then H o F is 
FUe-irresolute. 


Proof. This can be proved in a similar way as Theorem 3.6. 
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Theorem 3.8. Let F: X —-Y and H:Y -0 Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If F is FLe-irresolute and H is FLe-continuous, then H o F is 


F Le-continuous. 


Proof. Let v € L%, 6(v) > r. Since H is FLe-continuous, then by Theorem 2.1, H!(v) is 
r-feo set in Y. Also, F is FLe-irresolute implies F'(H'(v)) is r-feo set in X. Hence, we have 
(Ho F)'(v) = F'(H"(v)) is r-feo. Thus H 0 F is FLe-continuous. 


Theorem 3.9. Let F: X - Y and H: Y -© Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If F and H are normalized, F is FUe-irresolute and H is FUe- 


continuous, then H o F' is FUe-continuous. 


Proof. This can be proved in a similar way as Theorem 3.8. 


Theorem 3.10. Let F: X - Y and H:Y -© Z be two FM’s and let (X, Tr), (Y, 7) 
and (Z, 6) be three L-fts’s. If F is normalized and FUe-irresolute and H is F Le-continuous, 
then Ho F is FUe-continuous. 


Proof. Let v € L%, 6(v) > r. Since H is FLe-continuous, then from Theorem 2.1, H'(v) is 
r-feo set in Y. Also, F is normalized and FUe-irresolute implies F“(H'(v)) is r-feo set in X 
by, Theorem 3.2. Hence, we have (H o F)“(v) = F“(H'(v)) is r-feo. Thus Ho F is FUe- 


continuous. 


Theorem 3.11. Let F: X - Y and H:Y - Z be two FM’s and let (X, 7), (Y, 7) 
and (Z, 6) be three L-fts’s. If H is normalized and FUe-continuous, F is F Le-irresolute, then 


H oF is FLe-continuous. 


Proof. Let v € L%, 6(v) > r. Since H is FUe-continuous, then H“(v) is r-feo set in Y. Also, 
F is FLe-irresolute implies F'(H“(v)) is r-feo set in X by, Theorem 3.1. Hence, we have 
(Ho F)'(v) = F'(H“(v)) is r-feo. Thus H o F is FLe-continuous. 
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Abstract In the present paper, we study the class Rp(7y, a) given as 


Ry(y, a) = {fern R(( ge) PREIS), DS vi) +9, sek}. 


ZP aP 


We find the integral representation of I,(n, A) f(z) as a sufficient condition for f € Ap to be 
a member of the class Rp(7, a). The results of some known classes in this direction appear 
as particular cases of our main result. 
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81. Introduction 


Let A be the class of functions f, analytic in the open disk E = {z : |z| < 1} in the complex 
plane C and normalized by the conditions f(0) = f’(0) — 1 = 0. Then f € A has the Taylor 


series expansion 


f(i2y=z2+ Sane 
k=2 


Let A, denote the class of functions of the form 


fz)=2+ D> axz*, peN={l, 2, 3....}, 
k=p+1 


analytic and multivalent in the open disk E. Note that A; = A. For f € Ap, define a multiplier 


transformation I,(n, A) f(z), as follows: 


= apz*, (A> 0, n € No = Nu {0}), 
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The special case I, (n, 0) of the above defined operator is the well-known Salagean [9] derivative 
operator D”, defined for f € A as given below: 


D" f(z) =z2+ S- kde”. 
k=2 


Singh et al. [11], Krzyz [5] and Chichra [2] studied the class R(G), 6 < 1, defined as: 


R(B) ={feA:R( f(z) +2f"(2)) > 8, 2 € E}, 


where ( is given by 
Bs = inf{6: R(B) CS} 
and 
Bs» = inf{B: R(B) c S*}. 
Later on, Singh et al. [12] showed that 8s» < —4 which was further improved by Ali [1]. Gao [3] 


and Silverman [10] proved independently and obtained 6s. < eure In 2007, Gao et al. [4] 


studied the following subclass of A : 


RB, a)={feA:R(f'(z) +azf"(z)) > 8, 2 € E}, 


where 8 < 1, a > 0. They determined the extreme points of R(6, a) and obtain sharp bounds 
for R(f’(z)) and R(f(z)/z). They also determined the number (a) such that R(3, a) Cc S*, 
for certain fixed number a in [1, 00). Recently, Wang et al. [13] studied the class Q(a, 8, y) 
defined as: 


Qa, B, y= {f EA: Rla(f(z)/z) + Bf] > (a, B)>0,0S7¥<at68 <1; z€E}. 


They provided the extreme points and radius of univalence for the members of this class. In the 
present paper, we study the following subclass R,(y, a) of A, involving multivalent functions : 


Bp(n, AF) genic: fe) >y ZE i} 


Ze zZP 


Rola, a) = {F € Ay = (=a) 


wherea >Oand0<y<a<l. 


§2. Main Result 


Theorem 2.1 A function f € Ap is in Rp(y, a) if and only if Ip(n, A) f(z) can be 
expressed as 


gr gmtP 


mB+1 du(x) (1) 


iin, MF) = | 


|z|=1 


les —1)27+ (2-27) >> 
m=0 


where j(x) is the probability measure defined on the X = {x : |x| = 1}. For fixed B and 


a, Rp(7, a) and the probability measures {1} defined on X are one-to-one by the expression 


(1). 
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Proof. Let u(z) = Jpn, A) F(Z). 


Pp 
Differentiating lograthmically, we have : 
zu'(z) _ 2Up(n, A)F(2)) 
u(z) Ip(n, A) f(z) 


In the view of relation 


z1,(n, A) f(z) = (p+ A)Ip(n +1, A)F(z) — Alp(n, AVF (2), 


(2) becomes 
zu'(z) 1 I,(n+1, A)f(z)) 


(p+A)julz)sIptm, AVF) 


Hence 


Ip(n+1, A) f(z) Sets 1 Sites 
Inn, NF@) SF pene 
Now 
fi GROANS 2 ORG IO op msi bs 


ZP zZP 


where 8 = ee Since f € R,(y, a), therefore 


R(u(z) + Bzu'(z)) > 4. 


Let P denote the normalized class of analytic functions which have positive real part. Therefore 
f € R,(y, @) if and only if 
u(z) + Bzu'(z) — 7 
ie 
By Herglotz expression of functions in P, we have 


u(zZ)+ B2u'(z)— 7 _ 1l+axz 
1-y¥ =f Tage” (2), 


P, u(0) =1. 


which is equivalent to 
1 1+(1—-2y)xz 


se Res =a du(a). 


1 
Bul) + zu'(z) 


Therefore 


1 [*f1 j ata 2 is et #1 (lL 2y)a¢ 14 a 
2 af (Gu +eu'e)) a= oma if ae a) dua 


(uz) 
u(z) = a (e: =1)+ (2-2) SP :) dyi(2), 


which is equivalent to 


p(n, 402) = f 


|a|=1 


gm yr 
( = DP 2) ys —— du(x), 


Since the probability measures {uw} and the class P as well as class P and R,(y, a) are one-to- 
one, so the second part of the theorem is true and can be proved by deduction. This completes 


the proof of Theorem 2.1. 
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Corollary 2.2 The extreme points of the class Rp(y, a) are 


m+p 


Ip(n, A) fol) = @y— Dar + (2-29) ET at lah (4) 


Proof. Using the notation I,(n, A) fr(z), equation (1) can be written as 


Ip(, A)fu(2) = / p(t, d)fa(z)du(a). 


lavpeet 


By Theorem 2.1, the map yu — f,, is one-to-one, so the proof follows. 


For p = 1 and n = 0 = J in the Theorem 2.1, we get: 


Corollary 2.3 For f € Ri(y, a), wherea>0 and0O<y<a<1, 


ff) 


n(a-9£2 +57) > B=0. 


therefore 


m ymtl 
HO, F=f) = f (1-24 @-29 5 ps oS du(2). 


For a = 1 — 8, the above expression obtained by Wang et al. [13]. Saitoh [8] and Owa [6, 7] 
discussed the related properties of Q(1 — 8, B,y) = Ri(y, 1— 8). 


Selecting p = 1 =n and A = 0 in Theorem 2.1, we have the following result: 
Corollary 2.4 If f © Ri(y, a), wherea>0 and0<y<a< 1, satisfies 


n(a- i OF , .20 OF) 


z z 


= Rf'(z) + BF"(2)) > 9, 


where 8 =a > 0, then 


h(L, 0)f(2) = 2f"(2) = / . (@r-ne4@-2y¥ s mt) ante 


which on further simplification gives 


iS Dyer 
fe=f (r= n244 (2-2y)@ 5° eat ay) ete 


nea 


This result was obtained by Gao et al. [4]. If we select 6 = 1 in the above result, we get: 


Corollary 2.5 If f © Ri(y, 1), wherew=8=1 and0<y <1, then 
- _ yo (xz)mt} 
f(z) = fs G =e = ae Do a d(x) 
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_ i ( [ a eine «) si, 


this result was also obtained by Silverman [10]. 


Selecting p= 1, n = 2 and \ = 0, we get the following result from Theorem 2.1: 


Corollary 2.6 If f € Ri(y, a), a>0 and0<y<aK<1, satisfies 


1 (2, 0) f(z) gl: 0) f(z) 


z z 


R (a a) ) = Rf (2) + (1+ 2B)2f"(2)) + B2F"(2)) >, 


where B =a>0, 0<7< 1, then 


(2, 0)f(z) =zf'(2) + 2f"(2) = i 


|v|=1 


(‘er 1)z + (2-27) > en du(«) 


Further, we get 


co nm gmt 
f= f Ca z+(2-27y) 2S Gea) 5) (x). 


aaa | 
Hence es 
se= ff (@y-vet@-ape > ata. (5) 
|x|=1 A= (mt 1)?(mB + 1) 


Corollary 2.7 If f € A and 
Rf! (2) + (1+ 2)zf"(z)) + Be? f"(2)) > 1 
where 8 >0, O<¥ <1, then extreme points of this class are given by (5) as 


(ezyt 


(m+ 1)2(mB +1)’ 


f(z) = (2y-Yz+ (2-A)e >> jz] = 1. (6) 


m=0 
Corollary 2.8 If f € A and 
R(f'(z) + 1 + 2B)zf" (2) + Be? f"(2)) > 7, 
where B >0, O< y <1, then 
21-7) 


lan| < ,m> 2. 


~ m?(8(m— 1) +1) 


The result is sharp. 


Proof. The coefficient bounds are maximized at an extreme point.Thus from (6), f:(z) can be 


expressed as 
co 


fal2) = 2+ 20-9) 30 Saggamaygay Hal = 


m=2 


and hence the result follows. 
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